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ORTHOGONAL GRIDWORKS LOADED NORMALLY THEIR PLANES 


Ignacio ASCE and José Hernandez2 


SYNOPSIS 

The torsional rigidity the bars should taken into consideration 
this solution gridwork, since its similar two-way 
slab. The solution presented for this problem, which generally highly 
indeterminated, allows the introduction prestressing forces. 

set simultaneous slope-deflection-gyrations equations es- 
tablished solved electronic computers now available. pre- 
stressed concrete deck, 177 177 ft, with beams spaced 10.8 apart 


each direction, has been solved this method. 


INTRODUCTION 


Various approximate methods analysis have been developed solve ortho- 
gonal gridworks loaded normally due the lack simple 


Note.—Discussion open until June 1960. extend the closing date one month, 
written request must filed with the Executive Secretary, ASCE. This paper part 
the copyrighted Journal the Structural Division, Proceedings the American So- 
ciety Civil Engineers, Vol. 86, No. January, 1960. 


partner, Ingenieros-Arquitectos, Havana, Cuba. 
Assistant, Ingenieros-Arquitectos, Ha- 
vana, Cuba. 


Ewell, Okubo and Abrams, “Deflection gridworks and slabs” Paper 2520, Trans- 
actions the American Society Civil Engineers, Vol. 117, 1952. 
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calculation procedures solve the equations exact method. However, 
the electronic computers have broken the barrier that calculation difficulties 
imposed the solution exact methods involving large systems simul- 
taneous equations, for gridworks. 

Orthogonal gridworks loaded normally their found practice 
bridge and roof structures. The equations presented this paper were de- 
rived solve the problem prestressed concrete deck, 177 177 ft, 
with beams spaced 10.8 apart each direction and supported eight columns 
located the perimeter the deck. 

The equations have beenderived procedure similar the one followed 
Maney the derivation the slope-deflection equations for plane struc- 
tures, loaded their own plane. For that reason, the solution presented 
this paper, will referred the slope-deflection-gyration method, where 
the torsional stiffness well stiffness the gridwork bars are 
taken into account. 

Slabs can approximately solved considering analogous gridwork 
form orthogonal strips and for that reason the slope-deflection-gyration 
with any number supports and any boundary conditions. 

The solution will more accurate finer the slab con- 
sidered. the solution slabs the slope-deflection-gyration method the 
effect Poisson’s ratio neglected, but this effect little importance 
practical engineering work, most cases. 

The angular deformations planes parallel axis ABC (Fig. will re- 
ferred rotations and angular deformations parallel axes DBE will 
referred gyrations. 

Sign Convention.—Counterclockwise gyration joints seen from are 
positive. 

Counterclockwise gyration joints seen from are positive. 

Downward vertical displacements are positive. 

Flexure and torsional moments are positive when they tend rotate the 
joint clockwise, when seen from 

Shear forces and vertical loads are positive when they tend displace the 
joint upwards. 

When expressing moments terms rotations, gyrations and deflections 


these will always considered positive and the moments will show the sign 
that corresponds. 


EQUATIONS AND UNKNOWNS 


orthogonal gridwork solved the flexure and torsional moments 
are expressed terms the rotation the joints bothdirections andof the 
deflection the joints. For eachjoint there unknowns: two rotations 
and one deflection and can establish there equations equilibrium, sum- 
mation all moments acting each direction the joint must zero and 
the summation vertical forces must zero the joint. 


where the number joints and the number supported joints. 
The number joints can reduced account the symmetry the 
structure and the symmetry and antisymmetry the loading. 
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GRIDWORKS 
DERIVATION THE SLOPE-DEFLECTION-GYRATION EQUATIONS 


and The equilibrium joint the direction axis ABC will studied 
and all angular deformations planes parallel axis ABC will referred 
rotations and all angular deformations planes parallel axis DBE will 


FIG. 


Assuming that the structure all rotations, gyrations and de- 
flections are restrained, can obtain the behavior the real structure, 
the following stages: 


Stage I.—Loads are applied, but rotations, gyrations and deflections are re- 
strained. 

Flexure fixed end moments and MFBA will applied the ends 
bar and torsional fixed end moments and applied the ends 


bar BD. Flexure and torsional moments will applied all bars 
that concur joint 
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Stage II.—Deflection the joints, but rotations and gyrations are restrained. 


The flexure moments Map and due vertical displacements 
and joints and are: 


ABA ~ AB +B LAB AB B 


where Kap the flexure stiffness factor bar AB, represents the 
flexure stiffness factor bar AB, the carry-over factor flexure 
from denotes the carry-over factor flexure from and 
Lap the span bar AB. 

Similar expressions can found for bars BC, and BE. 

Stage joints, but deflections and gyrations are restrained. 

The rotation each joint will analyzed separately: 

Rotation A.—The flexure moments and due rotation 


(2b) 


Rotation B.—A rotation joint affects the four bars that concur 


where and are the flexure ends moments bar AB. 
Similar expressions can found for bar BC. 


bar BD, torsional end moments and Will appear bar 
BD, due rotation 


where the torsional stiffness factor bar BD. 
Similar expressions can found for bar BE. 
Rotation C.—A rotation will cause bar BC, condition similar 
the condition caused bar account rotation and for that reason 
equations similar Eqs. can established for bar BC. 


Rotation will induce torsional endmoments and 
TpBep bar BD: 


TpBep = KT BD (4d) 


tation induces bar BD, and for that reason equations similar Eqs. 
and can established for bar BE. 

Stage IV.—Gyrations joints, rotations and deflections are restrained. 

Equations similar the equations Stage III can established for Stage 


bars and are substituted for bars and and rotations are 
substituted for gyrations. 


| 
ogg 
4 
Poy 
4 a 
4 
q 
by 


GRIDWORKS 


the effects the four stages are superposed, the final state the actual 
structure will reached. 
The final flexure end moments Map and Mga bar AB, are: 


Mpa = Mppa + Mpaa + Mpaga + MBAGB- (5b) 


values Eqs. la, 2a, 3a, and Eqs. 1b, 2b, 3b, are substituted Eqs. 
find: 


LAB 


For the final flexure end moments Mpc and BC, similar equations 
can 

Eqs. slope-deflection equations derived Maney for plane 
structure loaded its own plane. For bars uniform section, the equations 
can reduced to: 


and 


which are the best known form the slope-deflection equations. 
The final torsional end moments TBD and bar BD, are: 


values Eqs. 3c, 4c, and are substituted into Eqs. find 


For final torsionalend moments and bar EB, similar equations 
can obtained. 

equations similar Eqs. and and final torsional end moments, Tap 
TBA, TBC and can obtained from equations similar Eqs. ro- 
tations are substituted for gyrations. 

Eqs. 6a, 6b, and are the basic equations the slope-deflection-gyration 
method. 

the case that external moments are applied joint the summation 
moments joint must zero both directions: 
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The summation vertical forces must zero also: 


LBE LBD 
where and are the isostatic shears joint bars 


AB, BC, and BE, respectively; and are the spans bars 
BC, and BE, respectively; and the vertical load applied 


FIG, 


the case supported joint, the reaction can found means Eq. 
9c, considering that external load applied the joint. 


ILLUSTRATIVE EXAMPLE 


example used Ewell, Okubo and will solved the slope- 
defiection-gyration method, order compare results and show the sim- 
plifications obtained symmetry the structure. 

The gridwork (Fig. consists circular bars rigidly connected each 
joint, with complete fixity against bendingor twist beam ends. single load 
applied joint Since all lengths are equal and sections are the 
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GRIDWORKS 


same, the distribution factors each the joints are identical. The distri- 
bution factors are computed, assuming: 


0.72 


Ky = 


where kis the flexure stiffness-factor all bars; the torsional 
factor all bars; and the flexure carry-over factor all bars. 

Due the symmetry the structure and the loading, this case: 


Eqs. and are applied, can found: 
+ May = -Mpy = (0, +3 eevee 
+My, = -Myp - (2 8668 
+ Myg = = + (63 +3 
+ Mgy = = 2 E+ (2 03 + 3 
- Mgg = +Map = - 3 42) 
_2EI 


and 


Eqs. are applied, can found: 


a 
4 
(10a) 
(10b) 
(10c) 
: 
(10e) 
(10g) 
| 
(10h) 
(10k) 
€ 


and 


Equilibrium equations (Eqs. can applied joints and 
equations corresponding joint will equal those joint For joints 


and necessary establish equilibrium moments one direction 
only. 


Joint 
Joint 2.— 
M24 + Moc + T21 + Tap = 9 0 6 (13b) 
and 
Joint 4.— 
and 


the values obtained Eqs. and are substituted Eqs. 12, 13, and 


14, the following set seven simultaneous equations with seven unknowns, 
can solved: 
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GRIDWORKS 


and 


The solutions this set simultaneous equations are: 


0 


+0.0275 


The values deflections are equal the values obtained Ewell, Okubo 
and 


The flexure and torsional end moments can obtained substituting the 
solutions obtained from Eqs. into Eqs. and 11: 


= 0 eee ee eee (1 5e) 
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The reactions are: 


Total 
The elastic surface the gridwork shown Fig. 


.3236 


FIG, 
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1951. 
NOTATION 
elastic modulus; 
torsional elastic modulus; 
polar moment inertia; 
torsional stiffness bar BD; 
LaB span bar AB; 
span bar BC; 
span bar BD; 
LBE span bar BE; 
Map final flexure end moment bar AB; 
MBA final flexure end moment bar AB; 
final flexure end moment bar BC; 
Mpp final flexure end moment bar BD; 
final flexure end moment bar BE; 
final flexure end moment bar BD; 
final flexure end moment bar BE; 
flexure fixed end moment bar AB; 


flexure fixed end moment bar AB; 


Mapa flexure moment bar AB, due relative displacement 


flexure moment bar AB, due relative displacement 
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reaction; 

final torsional end moment bar BD; 
final torsional end moment bar BE; 
TpB final torsional end moment bar BD; 
final torsional end moment bar BE; 


torsional fixed end moment bar BD; 
torsional fixed end moment bar BD; 

VBA isostatic shear bar AB; 

VBE isostatic shear bar BE; 

flexure carry-over factor from bar AB; 
flexure carry-over factor from bar AB; 

final vertical displacement joint 

final vertical displacement joint and 

final gyration joints. 
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SUMMARY THE ACTIVITIES THE COLUMN RESEARCH COUNCIL 


FOREWORD 


The papers that form the ASCE-CRC Symposium Metal Compression 
Members are representative all phasesof Column Research Council activi- 
ties. Several papers represent summaries both past and current research, 
prepared specifically assist the preparation the “Guide Design Cri- 
teria for Metal Compression Members”. Also included are reports recent- 
completed research pony truss bridges and plate girders. 


SYNOPSIS 


The Summary briefly outlines the administrative setup the Column Re- 
search Council which was organized 1944. The work the Council re- 
viewing world literature metal compression members reviewed. The 
Summary shows how the various objectives the Column Research Council, 
originally framed, have been met during the past years. The Summary 
closes with brief discussion the current emphasis Column Research 
Council, namely, the relation between theoretical analysis and design. 


INCEPTION COLUMN RESEARCH COUNCIL 


For some years prior the Committee Design Structural Mem- 
bers, the American Society Civil Engineers, had been working metal 
column problems. broaden support and permit direct financial aid re- 
search projects, Column Research Council came into being. was formally 


Note.—Discussion open until June Separate Discussions should submitted 
for the individual papers this symposium. extend the closing date one month, 
written request must filed with the Executive Secretary, ASCE. This paper part 
the copyrighted Journal the Structural Division, Proceedings the American So- 
ciety Civil Engineers, Vol. 86, No. January, 1960. 

Chairman, Column Research Council and ASCE Committee Compression Mem- 
bers; Prof. Civ. Engrg. Univ. Mich., Ann Arbor, Mich. 
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organized 1944, with membership composed from representatives 
interested institutes, companies, government bureaus and other 
research councils. 

Initial administrative and financial support the Engineering Foundation, 
under the sponsorship the American Society Civil Engineers, brought the 
Council into being. This support has been supplemented major contributions 
either directly the Council individual council research projects from 
many organizations which are listed below: 


Aluminum America 

American Bureau Shipping 

American Institute Architects 

American Institute Steel Construction 

American Iron and Steel Institute 

Association American Railroads 

Bureau Public Roads 

Canadian Institute Steel Construction 

Engineering Foundation 

National Science Foundation 

Pennsylvania State Highway Department (to projects Pennsylvania State 
University and Lehigh University) 

Research Corporation 

Rhode Island Department Public Works 

Society for Experimental Stress Analysis 

Society Naval Architects 

Structural Engineers Association Northern California 

Structural Engineers Association Southern California 

Navy, Bureau Ships, Contribution Friedrich Bleich’s Book 

Welding Research Council 


Universities carrying projects involving contributions kind have in- 
cluded Brown, Columbia, Cornell, University Florida, Illinois, Lehigh, 
University Michigan, New York, Pennsylvania State, Purdue, Stanford, and 
University Washington. 

The Column Research Council, herein-after referred CRC, prepared 
its inception statement general objectives. Each these are presented 
herein context followed brief statements the progress that has been 
made. The first objective defined the scope and overall plan the Council. 


“To organize, maintain, and administer national forum where prob- 
lems relating the design and behavior columns andother compres- 
tural research problems can proposed for investigation, with the 
assurance evaluation all problems proposed and support for 
those projects adjudged important.” 


THE SURVEY EXISTING INFORMATION 


The second objective CRC was, 


“To digest critically the world’s literature onstructural behavior in- 
volving compression elements and the properties metallic materials 
available for their construction, and make the results widely available 
the engineering profession.” 
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carrying out survey existing information, CRC received major in- 
itial support from the David Taylor Model Basin the U.S. Navy Department. 
The late Windenburg, Chief Physicist the David Taylor Model Basin, 
was instrumental arranging for critical bibliography the strength 
structural members under compressive loading. initial allocation $30,000 
was provided for this work. The complete study under the title “The Buckling 
Strength Metal Structures” the late Friedrich Bleich was published 
McGraw-Hill Book Company one the Engineering Societies Monographs. 
questionnaire world-wide distribution was circulated aid the 
preparation Bleich’s book and search into current research. Interim 
reports pertaining this questionnaire issued CRC 1948, 1950 and 1952 
listed unpublished reports and project statements current research, together 
with any available details concerning existing programs. 

continuing phase this activity, corresponding members were desig- 
nated various parts the world including representatives Australia, 
Brazil, British Isles, China, Europe, Guatemala, India, Japan, New Zealand, 
Nicaragua, Panama, Scandinavia, South Africa, and South America. These con- 
tacts have provided continuing interchange information. Special mention 
should made Japan, where, parallel “Column Research Council 
was organized. Within four years this group produced and had print- 
very comprehensive “Handbook Elastic Stability” more than 500 
pages which reviews and presents digest much the existing published 
information this field. second edition now preparation Japan. 

1957, Column Research Council, through time contributed voluntarily 
its members, printed and distributed translation the current German 
Buckling Specifications, DIN 4114, This but one example many 
instances similar dissemination information column research and de- 
sign. 


DETERMINING THE RESEARCH NEED 


determine areas wherein new knowledge from research was needed, 
CRC circulated another questionnaire leading design engineers, requesting 
detailed information what were considered important structural problems 
involving stability against buckling. Specific suggestions for research were 
also requested and the questionnaire closed with the query “What metals 
you expect use future structural designs?” The returns this question- 
naire were analyzed CRC, and summarized report 
issued 1947. The returns indicated that attention should given first the 
column part realstructure which end bending moments and restraint 
adjacent framing were involved, giving consideration not only individual 
members but also complete frames trusses. The per cent the total 
construction tonnage affected these problems high, indicating that im- 
provements design methods for these problems would have 
beneficial effect. 

Research was also recommended questions lateral-torsional buckling. 
Considerable interest was expressed problems local buckling, but the 
committee recommended that researchon these matters delayed until after 
the results tests and analyses carried out during the war, for aircraft, 
assessed and made generally available. Special interest was expressed the 
design the compression flange through girder bridges and the top chords 
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through trusses which had top bracing members. materials other 
than ASTM structural steel, interest was expressed structural silicon 


steel (ASTM-A94), low-alloy structural steel (ASTM-A242), and structural 
aluminum alloys. 


RESEARCH PROGRAMS 


Two further objectives CRC were follows: 


“To organize and administer cooperative research projects the 
field compression elements.” 

“To stimulate, aid, and guide column research projects the fore- 
going problems the engineering colleges, endowed laboratories, and 
other research laboratories.” 


The actual planning projects the light engineering needs and surveys 
existing information was carried out the Research These 
were finally seven number, follows: 


Mechanical Properties Materials 

Initial Eccentricities Compression Elements 

Local Buckling Compression Elements 

Columns Structural Frames 

Torsional Instability Structural Elements 

Stability Structural Elements under Dynamic Loading 
Stability Laterally Unsupported Bridge Chords 


Under Committee studies have been made the basic relationship be- 
tween the compressive stress-strain curve material and the strength 
column real structure. This involves those modifying factors that make 
behavior less than noteworthy contribution Column Research 
Council has been the discovery and study the role residual stress 
modifying factor relation column strength. 

The subject initial end eccentricities has received much attention the 
past means explaining the behavior columns with without in- 
tentional eccentricity load. The work Committee topic was 
completed several years ago but study end-eccentricity effects framed 
columns was continued under Committee 

The work Committee local buckling has been materially advanced 
developments aircraft design and the use thin gauge metals. This 
committee has been cognizant columns having perforated cover plates, and 
currently examining the behavior plate girders with very thin webs. The 
committee alsohas been active research oninelastic local buck- 
ling strength plates. 

Under Committee major emphasis has been given the study the be- 
havior the framed column, actual structure. 

Committee has been coping with problems involving both the torsional 
and lateral stability unsupported beams and beam-columns. 

Among the most recently completed projects, related Pony Truss Design, 
are those under Committee about which more will presented during the 
course this symposium. 

Finally, under the subject research, should mentioned the opportunity 
that CRC has afforded for meetings between engineers and research workers 
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during which there have been many discussions and interchanges ideas among 
those interested column and related buckling problems. recent years, 
its annual meeting, technical session has been held. Proceedings number 
these sessions are available. This particular symposium takes the place 
the technical session for the current year. 


APPLICATION DESIGN 


addition the continuation certain programs research, current 
emphasis Column Research Council has been related the four remaining 
objectives that were formulated when the Council was organized. 


“To study the application the this program the design 
compression elements. 

“To develop comprehensive set formulasor rules 
covering their design. 

“To promote the widest possible adoption such formulas design- 
ers and specification-writing bodies. 

“To publish and disseminate original research information within the 
field the Council.” 


adopted policy Column Research has been the avoidance 
any attempt supplant existing specifications. The goal serve all speci- 
fications offering guidance toward improvement revision. 

The goal the structural engineer, with respect design procedures 
threefold: 


Safety the resulting structure, 
Economy, and 
Simplicity. 


Greater economy and safety certain areas achieved 
more accurate design calculations than have heretofore been used. This 
especially true where the increase the accuracy directed toward more 
realistic representation the real structure design calculations. some 
cases, more complex procedures must used the maximum economy 
obtained. However, CRC has its goal the development practical de- 
sign procedures that are possible and yet consistent with accurate 
and safe predictions structural strength. keeping with this goal there 
came into being the idea preparing general “guide”, the initial outlines 
which were formulated 1956. The title adopted “Guide Design 
Criteria for Metal Compression Members.”2 


The contents the Guide are revealed the chapter headings, which are 
follows: 


Introduction 

Centrally Loaded Columns 

Compression Member Details 
Laterally Unsupported Beams 
Beam-Columns 


published Column Research Council. 
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effort made present both “complex” and “simple” procedures 
design calculation and assess the limitations the latter. left the 
specification writers choose the procedures that are deemed preferable. 

The initial edition the Guide will not cover the subjects local buckling 
problems plate girder webs, plate girder stiffener design, buckling arch- 
buckling chords. Continuing research these fields sug- 
gested the postponement this coverage until the second edition. “digest” 
the Guide presented the final paper this symposium. 
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CONTINUOUS GIRDER BRIDGE WITH VARIABLE MOMENT INERTIA 


SYNOPSIS 

The purpose this presentation isto develop and illustrate simpli- 
fied procedure for the analysis symmetrical two, three, and 
continuous girder bridges with variable moment inertia. believed 
that the method simple and rapid application that adesigner will 
able study sufficient number combinations dimensions for 
bridge assure himself that the dimensions finally chosen are economi- 
cal well structurally adequate. The method developed consists 
substituting values related the bridge dimensions, proportions and 
loadings, into formulas giving the magnitudes the redundants without 
the necessity sign convention. All constants, coefficients, and 
tions are made dimensionless that any consistent system dimen- 


sions may used. The method sufficiently simple carried out 


any civil engineer. 


Note.—Discussion open until June 1960. extend the closing date one month, 
written request must filed with the Executive Secretary, ASCE. This paper part 
the copyrighted Journal the Structural Division, Proceedings the American So- 
ciety Civil Engineers, Vol. 86, No. January, 1960. 


professor Structural Engineering, West Virgicia University, Morgantown, West 
Virginia. 
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PURPOSE AND SCOPE 


The need for this type bridge increasing, especially the construc- 
tion long-span bridges crossing rivers, railroads, and modern wide turn- 
pikes where grade separations require more than one level. The reduced depth 
mid-span increases the headroom clearance over the lower level highway 
railroad any two levels the intersection, thereby improving the econo- 
this type structure through the great reduction earthwork rock 
excavation required. For bridges crossing rivers railroads large cities 
and populated areas, where the engineer faced with long spans, limited 
clearances, and lengths approaches, the continuous bridge with variable mo- 
ment inertia is, many cases, the solution because its pleasing appear- 
ance combined with economy and flexibility pier location. 

Although such bridges have been used certain extent the United 
States, their adoption has been limited delayed primarily the lack 
readily applied and simple design method. The analysis continuous girder 
bridges with variable moment inertia requires considerable skill, and fre- 
quently designers not have sufficient time establish the most economical 
solution for the site the most economical proportions for the bridge. Since 
the best and most economical proportions for structure must based 
comparative designs, important that these designs subject quick and 
simple analysis. The designer has been forced employ more complex an- 
alyses, resulting excessive design time and approximate solutions. 

Although many methods have been developed for expediting the analysis 
such bridges, the task actual design has still been based tedious trial- 
and-error procedures. rapid, accurate and simple method analysis ur- 
gently needed, and believed that such method herewith presented. 


PROCEDURE AND METHOD 


The principle virtual work was used the derivation the elastic equa- 
tions for the redundants each structure studied. The magnitudes these 
redundants are then the product three factors follows: 


which the redundant under consideration; represents the “load fac- 
tor;” the constant the structure; and f(D) denotes the “D-function.” 

The load factor, has the same dimensions units the redundant un- 
der consideration and function the external loads, dimensions and the 
material the structure. may calculated from expressions given. 

The constant the structure, dimensionless quantity and func- 
tion the relative proportions the structure only. has constant value 
for any particular structure and, having been once determined, may used 
connection with the analysis under any condition loading. 

The D-function, also dimensionless quantity but depends the 
external loading well the relative proportions the structure. 

Most the values the formulas can found once from tables given and 
then can used again for the different types loadings. The method very 
efficient even the final step dimensioning the different sections. the 
sections maximum negative moment and maximum positive moment are 
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found tobe either insufficient uneconomical, neither the values inthe formu- 
las nor the calculation need repeated. the ratio the depths, the 
two-span bridge and and inthethree and four-span bridge, remain con- 
stant, designer can change the depths until reaches the required adequate 
and most economical dimensions without changing the analysis calculations. 
This statement indicates one the most important advantages the method 
represented here. 


ASSUMPTIONS 


The usual assumptions the theory flexure apply, and addition, the 
following assumptions apply all cases presented: 


The intrados follows quadratic parabola. The vertex the parabola 
the end support for end spans and the center the interior spans. 
Approximate results, sufficiently accurate for final design bridges with flat 
intrados and parabolic haunches the end the span for box T-sections 
can worked out studying the depth the moment inertia curve;2 


All supports are hinged bearings and all but one are also assumed 
horizontal rollers; that is, longitudinal forces can resisted only one 
support; 


The length the center line passing throughthe centers gravity the 
sections assumed equal the is, assumed that dx; and 


The cross section the structure rectangular, and the width 


clear that the method developed can applied any rectangular sec- 


SYMMETRICAL TWO-SPAN CONTINUOUS GIRDER BRIDGE WITH 
VARIABLE MOMENT INERTIA 


The cases loading studied for the two-span continuous girder bridge with 
variable moment inertia are: 


uniformly distributed load covering both spans; 
uniformly distributed load covering either span; 


continuous distributed load, the intensity varying parabolically from 
zero the end support maximum value the center supports; and 


concentrated load occupying any position the bridge. 


Combining cases (a) and (c) makes possible determine reactions, 
moments due the dead weight the structure. Combining cases 
(b) and (d) makes possible determine reactions, shears, and moments due 
uniform load covering any one the two spans plus concentrated mov- 
ing load any position the bridge. 

Data from case (d) are used get Influence-Line Tables. 

Fig. shows elevation the outline assumed for the two-span girder. The 
geometry the outline indicated the figure. 


Walter Weiskopf and John Pickworth: “Tapered Structural Members: 
Analytical Treatment,” Transactions, ASCE, Vol. 102, 1937, pp. 1-74. 
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The terms are indicated the figure and are defined follows: 
the depth the girder either end support; represents the ratio the 
depth the center support that the end supports thus, the depth the 

dealing with the two-span girder, was found convenient express the 
magnitude the redundants the product two factors writing the Eq. 


TABLE 1.—TWO-SPAN CONTINUOUS BRIDGE 


FIG. 


the constant the structure and the D-function. Therefore, dimen- 
sionless quantity. Values the function may calculated from expres- 
sions given. They are evaluated Table which covers all conditions 


loading considered. The reaction the center support chosen the redun- 
dant. 


1.50 1.3143 0.2992 1.6135 0.9612 0.8369 0.7412 0.6241 0.3347 
2.00 1.3634 0.6089 1.9723 0.9708 0.8678 0.7813 0.6689 0.3688 
2:25 1.3841 0.7662 2.1502 0.9741 0.8796 0.7974 0.6878 0.3844 
3.00 1.4350 1.2444 2.6794 0.9813 0.9065 0.8357 0.7350 0.4269 
7 
FIG. 


GIRDER BRIDGE 


Case illustrates Case (a). The redundant Rpy for this case 
loading 


which Rpy the center reaction represents the load factor, and 
fy(m) defined the Appendix. 


Values fy(m) may determined interpolation from Table for values 
ranging from 1.25 3.0. 


Case (b).—Since the structure Fig. symmetrical about the center 


FIG. 


support, clear that the center reaction for one loaded span will one- 
half that when both spans are loaded, and, therefore, the reaction due toa 
uniformly distributed load covering the right span (Rpyr) 


noted previously may determined interpolation from the 
Table for values ranging between 1.25 and 3.0. 


materials the girder. 

This case used for calculating the reaction Rpp due the weight 
that part the girder below horizontal plane extending from the bottom 


the girder one end the bottom the girder the other end (the plane 
represented the dashed line Fig. 4.) 


The reaction Rpp due this loading 
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All the terms were defined previously except which shown the 
Appendix. Values may determined interpolation from Table 
for values ranging from 1.25 3.0. 

The center reaction due the entire weight the girder itself may ob- 
tained adding Eqs. and Thus 


where the reaction due the dead load the structure. 
Values are given Table for convenience adding fy(m) 
Case redundant for the concentrated load distance 


where the load factor. this case merely the concentrated load 
See the Appendix for fp(m). 


FIG. 


The term fp(m) may determined interpolation from Table for 
ranging from 1.25 3.0. These values fp(m) are the ordinates the in- 
fluence lines for the reaction for the different values mentioned. 


SYMMETRICAL THREE-SPAN CONTINUOUS GIRDER BRIDGE WITH 
VARIABLE MOMENT INERTIA 


The cases loading studied for the three-span continuous girder bridge 
with variable moment inertia are: 


uniformly distributed load covering the middle span; 
uniformly distributed load covering either end span; 
continuous distributed load the intensity which varies parabolically. 
This case, used with cases (a) and (b), aids determining reactions, shears, 
and moments due the dead weight the bridge; 
concentrated load occupying any position span; and 
concentrated load occupying any position the middle span. 


Combining cases (d), and/or (e) makes possible determine re- 
actions, shears, and moments due uniform load covering any one any 
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GIRDER BRIDGE 


combination spans plus concentrated moving load any position the 
bridge. 

Data from cases(d) and (e) were used calculate influence-line tables us- 
ing electronic computer. They will presented separate publication. 

Fig. shows elevation the general outline assumed for the three-span 
symmetrical girder bridge. The geometry the outline indicated the 
figure. The curve the intrados for each span quadratic parabola. 
Fig. the depth the girder the the middle span, repre- 
sents the depth the girder over the inner supports, the depth the 
girder over the end supports, denotes the length the end spans center-to- 
center supports, and the ratio the length the middle span, center- 
to-center supports, the length the end spans, center-to-center sup- 
ports. 

was found most convenient the case three spans use the bending 
moments the interior supports the redundants. Therefore, 


understood mean the bending moment the support and the bend- 
ing moment the support 


developing the formulas was found that certain expressions involving 
the relative proportions the structure kept recurring, and these have been 
designated D-functions. Therefore, the magnitude the redundant ex- 
pressed the product three factors follows: 


which the redundant under consideration; Lis the load the 
constant the structure (the subscript refers the three-span bridge); and 
the D-function. 

The term D-function general term describe quantity made 
what may called D-factors, D-coefficients. The various D-functions are 
made one more D-factors coefficients, and most cases the ratio 
also appears part the D-functions. The analyses for the cases load- 
ing noted before require total eleven D-factors coefficients designated 
less complicated function the ratio and previously defined. 
three cases, D7, Dg, and Dg, there also involved the ratio which lo- 
cates the position the concentrated load the structure, will seen 
later. 

Table contains values the D-functions. developing the formulas for 
the magnitudes the redundants, was noticed that two combinations 
factors appeared nearly every D-function. order simplify the calcula- 
tions, these combinations have been designated and They will 
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TABLE 2.—THE THREE AND FOUR-SPAN 


3.2315 
2.7501 
0.2406) 2.4200 
2.1718 
1.9926 
1.8451 
1.7245 
1.6244 


2.0634 


defined where they first appear. analyzing particular structure and 
need only computed once and used thereafter wherever they appear. 

The redundants for the different conditions loading are shown every 
case, acting the cut ends the direction they are presumed act. The 
formulas the redundants are developed under the assumption that the redun- 
dant moments are acting indicated the arrows. the result calcu- 
lation for redundant quantity comes out negative, the arrows for the redun- 
dant that case should reversed. worthwhile mention here that the 
eleven D-factors mentioned before were used the analysis the four-span 
continuous girder bridge. Therefore, additional tables will required for 
the four-span bridge. 


Case Fig. the load per unit length covering the middle span 
BC. 


FIG. 
The redundants and for this case loading are 


this expression wS? the load factor, isthe constant the structure, 
and the D-function. All the formulas hereafter will the same 


form. The quantity preceding the term will the load factor, and the 
quantity following will the D-function. this case 


nD, 
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CONTINUOUS BRIDGE WITH 1.0 


See the Appendix for the values Dj, Dg, and Dg. 

The coefficients and may determined interpolation from 
Table for values ranging from 1.25 3.00 and equals 1.0. Tables 
for 0.75, 1.00 and 1.25 are available elsewhere. 

The term the constant the structure and will always appear all 
formulas the redundants for all cases loading. Once evaluated for 
case loading, will used for all other cases loading the bridge. 

here repeated that Eq. for the redundants comes out negative, the 
direction the arrows for that redundant which shown Fig. should 
reversed. 


Case Fig. the load per unit length covering the left span AB: 


The term the constant the structure, given before, and 


This the first appearance the coefficients D4, D5, and Dg. Their values 
are shown the Appendix. 

The coefficients and may determined interpolation from 
Table for values ranging from 1.25 3.00 and values equals 
1.00. Tables for values 0.75, 1.0 and 1.25 are available elsewhere. 

Case (c).—In Fig. the weight per unit volume the materials ‘the 
girder and bd. 

order determine the redundants due the weight the girder itself, 
equations are developed for the redundants and for distributed load 
having parabolic variation from zero the end supports and maxi- 
mum the inner supports and and from zero the center the middle 


ST1 
and 


span maximum supports andC. Then the weight per 
linear foot any section the material the girder below the horizontal 
planes shown with the dashed lines Fig. 9(b) may expressed shown 
Fig. Therefore, Fig. 9(a) the load diagram. 


FIG. 


FIG. 


(c) 


The redundants which are the moments and are 


All the terms have been previously defined except the coefficients and 
They are shown the Appendix. Values Djg and may read 
determined from Table 

The redundants and due the entire weight the girder, that is, 
the dead load the structure may obtained adding the results obtained 
cases (a) and (b) the results this case. 

Case Fig. the concentrated moving load, 


M,, = PSC, (D, Z, K,) 


(12) 
(13a) 
q 


BRIDGE 


Note that the constant the structure, appears every formula. All 
terms have been defined previously. The only new factor that should de- 
fined here the coefficient Dy. given the Appendix. Table gives 
values for ranging from 1.25 3.00, =1.00 and for five positions 
the load span AB. Tables for values 1.00, and 1.25 are 
available elsewhere. 

Eqs. were used determine the ordinates influence lines for the re- 
dundants and for the different values ranging from 1.25 4.00, 


1.00, and 1.25, for span ratio ranging from 0.5 2.00 and the 
load every tenth point the span. 


Case (e).—In Fig. 


M, = PSC. > K, (Z, - 4nD, Dy) 


M,, = PSC, K, (Z, Dy -4nD, os 


All terms have been defined previously except the coefficients and Dg. 
They are given the Appendix. Table gives values and for differ- 
ent values from 1.25 3.00, and various values 

Eqs. are used determine the ordinates influence lines for and 
when the load the middle span; for the ranges mentioned case 
These were found using electronic computer. 


The influence line values for cases (d) and (e) will presented sepa- 
rate publication. 
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SYMMETRICAL FOUR-SPAN CONTINUOUS GIRDER BRIDGE WITH 
VARIABLE MOMENT INERTIA 


The cases loading studied for the four-span continuous girder bridge with 
variable moment inertia are: 


uniformly distributed load covering one the end spans; 

uniformly distributed load covering one the middle spans; 

continuous distributed load the intensity which varies parabolically; 
this case loading aids determining reactions, shears, and moments due 
the dead weight the bridge used with cases (a) and (b); 

concentrated moving load occupying any position end span; and 

concentrated moving load occupying any position middle span; 


Combining cases (a), (b), (d) and/or (e) makes possible determine re- 
actions, shears, and moments due uniform load covering any one span 
any combination spans plus concentrated moving load any position 
the bridge. 


Data from cases (d) and (e) were used calculate ordinates influence 
lines for the redundants. 

the case two and three spans, the principle virtual work was 
used for the derivation the elastic equations for each case loading studied. 
was found most convenient use the bending moments the interior sup- 
ports and the redundants (see Fig. 13). Therefore, Mp, Mc, and 
will the bending moments the supports and respectively. 


FIG. 


Fig. shows elevation for the symmetrical four-span continuous girder 
bridge. The geometry the outline indicated the figure. Fig. 
the depth girder center intermediate spans; mjd represents the depth 
girder inner supports; the depth girder end supports; de- 
notes the outer-span length, center line center line supports; and the 
ratio middle span length end span length, center-to-center supports. 

The constant the structure all subsequent formulas will designated 
(the subscript used designate four-span bridge). Once the con- 
stant calculated for specific bridge, will used for any case loading. 
appears every formula the redundants. 

Naturally, the D-functions differ from those the three-spans; but they 
are made the same D-factors inclusive. They are the same 
factors given for the three-span bridge. Therefore, the tables for the D-factors 
the three-spans will suffice for the four-span bridge. 

The redundants for the different conditions loading are shown every 
case acting the cut ends the direction they are presumed act. The 
formulas are developed under the assumption that the redundant moments are 
acting indicated the arrows. the three-span bridge, the result 
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GIRDER BRIDGE 


the calculation for redundant quantity negative, the arrows showing the 
direction moment for that case should reversed. 

Once the redundants Mp, Mc, and are computed, the values moments 
and shears any section can evaluated statics. 

Case the load per unit length covering the end span AB. 

The redundants Mp, Mc, and for this case loading are 


M, = wS Cy (-D, Dy). eee (15b) 


Where the constant the structure, itappears all the formulas for 
the redundants for all cases loadings. calculated once only and used 


FIG. 


for all formulas. All the formulas for the redundants all cases loading 
will the same form. The quantity preceding the load factor, and 
the quantity following it, the D-function. this case 


K, = D,(nD, + D,) - 8nD, in 
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The coefficients and may determined interpolation from 
Table was mentioned before, they are the same D-coefficients given for 
the three-span bridge. 

Case (b).—In Fig. the load per unit length covering one the mid- 
dle spans BC. 

The redundants Mp, Mc, and for this case loading are 


(K, 2D, Z,) 
M,, = wS 
and 


Values the constant the structure, and the factors and were 


given previously. Coefficient may determined interpolation from 
Table 


FIG. 


was mentioned before, Eqs. for the redundants come out negative, 
the direction the arrows for that redundant which are shown Fig. 
should reversed. This true for all cases loading. 

Case (c).—In Fig. the weight per unit volume the material the 
girder, 

order determine the redundants due the weight the grider itself, 
formulas for Mp, Mc, and for parabolic variation loading with zero 
ordinate supports and and the center spans and were de- 
veloped. Then the weight per linear foot any section the material the 
girder below the horizontal planes shown with the dashed lines Fig. (b), 
may expressed shown Fig. Therefore, Fig. (a) the load 
diagram. 

mentioned before, this case loading added cases (a) and (b), 
the moments and shearing forces any section due the dead load the 
structure could evaluated. 
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The redundants Mp, Mc, and for this case loading are 


All terms were defined previously. Coefficients and may 
determined interpolation from Table 


FIG. 


FIG, 


Case the redundants Mp, Mc; and for moving load “P” 
anywhere span are 


M, PS C, ) ee ee eee (21a) 
Mc = PS C, (-2 D, D,) eee (21b) 
Mp = PS C, eee ee (21c) 


The term the constant the structure, was given before. The terms 
and were also given. All other terms were defined previously. The co- 
efficient may determined interpolation from Table for values 


a) 


ranging from 1.25 3.00, 1.00, and for five positions the load span 
AB. Tables for values 0.75, 1.00, and 1.25 are available elsewhere. 

Eqs. are used determine the ordinates influence lines for the re- 
dundants Mp, Mc, and for the different values ranging from 1.25 
4.00, 0.75, 1.00, 1.25, for span ratio ranging from 0.5 2.00, and 
the load every tenth point the span. These were evaluated electronic 


Case Fig. the redundants Mp, Mc, and for moving load 
anywhere span are 


My = PSC, (Dg + 4nD, Dy)- (220) 


The term the constant the structure, appears every case load- 
ing. All terms were defined before. Coefficients and are the same 


FIG. 


given the three-span bridge. They may determined interpolation from 
Table for different values from 1.25 3.00 and various values 

Eqs. are used determine the ordinates influence lines for Mp, Mc, 
and when the load the second span for the ranges mentioned 
case These computations were made using electronic computer.3 


The influence line values for cases (d) and (e) will presented sepa- 
rate publication. 


Sabri Sami: “The Use Electronic Computations the Analysis Continuous 
Girder and Rigid Frame Bridges with Variable Moment Inertia,” Paper given the 
ASCE Conference Electronic Computation November 21, 1958 and published 
special publication the ASCE. 
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GIRDER BRIDGE 
ILLUSTRATIVE EXAMPLE 


The examples are presented here iliustrate the application the method 
discussed. The proportions and loads are entirely arbitrary and not repre- 
sent any actual structure standard loading. 

Example 1.—Assume two-span reinforced concrete slab-type bridge with 

variable depth, each span being ft. The depth slab 2.5 ft. each end 

and 4.75 ft. the center. 

Calculate the reactions the center support Bfor the following load condi- 

tions: (1) uniformly distributed load 100 lbs per covering both spans; 

(2) the dead load the bridge (parabolic load variation); (3) concentrated 

load 5.0 kips acting distance 0.4 from the center support. 

Solution: 


The center reaction for 100 per 
The center reaction for the dead load 
The center reaction for the concentrated load: 
Value f(m) taken from Table 


Suppose that after computing the forces due the various loadings, the 
depths the supports and the mid-section Bare found tobe too large and 
uneconomical. The calculation the redundant need not repeated 
long the ratio maintained constant. Naturally, will the only 
item adjusted due the change the dead load the bridge. Evenif 
change the ratio the above simple multiplications could repeated, using 
the new value 

Example three-span reinforced concrete slab bridge with 
variable depth. The span lengths are 130 ft, 182 ft, and 130 respectively. 

Calculate the bending noments and the interior supports for the 
following conditions: (1) Uniformly distributed load per foot all 
three spans; (2) concentrated load acting the center the middle 
span. 

Solution: 


The constants the structure are 
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Load per middle span only 
Load per the left span only. 


Therefore, for uniformly distributed load per covering all the 
spans 


Note that and were calculated once only. The D-factors were 
found from Table 

After the maximum moments for the design loading have been computed, 
the section may designed. the critical sections determined these 
design moments are not agreement with the assumed sections, the calcula- 
tion need not repeated (except for the dead load) far and are 


kept the same. are changed, new values for and may 
found short time. 


CONCLUSION 


improved and rapid method analysis for the two, three, and four-span 
continuous girder bridges with variable moment inertia presented herein. 
The procedure simple and rapid application that designer will 
able with the help the data given make sufficient number studies 
bridge relatively short time assure himself that the proportions finally 
chosen are economical well structurally adequate. 
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APPENDIX I.—THE SYMMETRICAL TWO-SPAN CONTINUOUS 
GIRDER BRIDGE WITH VARIABLE MOMENT INERTIA 


Case distributed load covering the two spans: 


Case (c).—Continuous distributed load with parabolic variation: 


Case (d).—Concentrated load occupying any position the right span: 
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APPENDIX SYMMETRICAL THREE- AND FOUR-SPAN 
CON TINUOUS GIRDER BRIDGE WITH VARIABLE 


MOMENT INERTIA 
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THE SHELL VAULT THE EXPOSITION PALACE, PARIS 


Nicolas Esquillan,! IABSE 


FOREWORD 


This paper was the basis for oralpresentation the Joint ASCE-IABSE 
Meeting the New York Convention, October 1958. All Joint Meeting papers 


published Proceedings Civil Engineering will reprinted one 
volume. 


SYNOPSIS 


General requirements for the structure are given. The preliminary and 
final designs are described and the function structural elements explained. 
Principles design, strength materials, allowable stresses and forces af- 
fecting the roof design are presented. The investigation local and general 
buckling the shells, the influence creep and other factors the stability 
the shell vault are discussed detail. Research studies are described. 


The solution numerous construction problems meet design requirements 
are also presented. 


INTRODUCTION 


The Exposition Palace the National Center Industries and Technology 
(Fig. the first unit what large urbandevelopment the area 
surrounding the Place Defense and which will concentrated the 
professional services the heavy industries France. 


Note.—Discussion open until June Separate Discussions should submitted 
for the individual papers this symposium, extend the closing date one month, 
written request must filed with the Executive Secretary, ASCE. This paper part 
the copyrighted Journal the Structural Division, Proceedings the American So- 
ciety Civil Engineers, Vol. 86, No. January, 


Technical Director, Enterprises Boussiron, Paris, France. 
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EXPOSITION PALACE 


From the inception the project the originator planned erect monu- 
mental and striking structure symbol achievement construction and 
milestone the expansion Paris. The scope and criteria were fixed 
three architects, Messrs. Camelot, Mailly and Zehrfuss, all Grand Prix 
Rome winners, who were responsible for the triangular layout the struc- 
ture. Three civil engineering construction firms, Balency and Schuhl, Bous- 
siron, and Coignet, collaborated the design and construction. 

The requirements set the project director and the architects were rather 
exacting. They specified 21-month construction period and set ceiling 
expenditures before completion preliminary design. The building was 
contain 1,120,000 floor area and total roof surface 290,000 
(Fig. 2). 

These limitations with respect time and cost for structure such 
magnitude made necessary for those responsible for the design study the 
engineering problems and the entire project organization with unusually great 
care. 

number architectural solutions the large roof structure were studied, 
and the final requirements subsequently set the architects and the project 
director were follows: Build reinforced concrete steel roof, prefera- 
bly groined vault type, inscribed equilateral triangle with sides mea- 
suring 715 and supported the three points the triangle. 

Conforming the above criteria, seven solutions including three reinforced 
concrete designs, three structural steel designs and one composite concrete- 
steel design were submitted different engineering firms. 


SOLUTION THE GENERAL PROBLEM 


Preliminary Design.—It should emphasized that meeting the design cri- 
teria use thin concrete shell called for unprecedented span with the 
half-chord each groined arch having length 390 corresponding 
arch span 780 measured along the projection two intersecting groins. 
The unusual plan, far more complex than rectangular shape, raised numerous 
problems. 

That this structure was represent great advance engineering tech- 
niques and construction practice apparent from the fact that the two thin 
shells the Marignane double with world record spans 333 each, 
could inscribed within the span the Exposition Palace. realize such 
accomplishment, two major requirements light weight and safety had 
considered. The difficulty consisted primarily finding satisfactory 
compromise between these contradictory requirements. 

Light weight means economy materials and, necessity, precise and 
careful design. was decided use self-supporting roof without transfer 
flexuralor shear loads structural members (purlins, arches, etc., Fig. 3a). 
Preferably the flow the forces towards the supports should direct and 


follow minimum course (Fig. 3b). The form should clear-cut and estheti- 
cally pleasing even layman. 


Annales Technique Batiment des Travaux Publics XX, Septembre 
1952, No. 37. 
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EXPOSITION PALACE 


Three possibilities were examined: (a) thin single-slab shell simple 
curvature; (b) thin single-slab shell with double curvature; and (c) vault 
consisting two inter-connected thin shells single double curvature 
(Fig. 4). 

The first two designs, due the triangular shape the roof and their 
relatively low torsional resistance, particularly the case design (a), re- 
quired heavy ribs connected rigid frame the plane the facades. Ina 
structure great span, the problem buckling primary importance, 
whether the case general buckling the roofas whole local buckling 
the thin shell. Repeated checks were made this connection especially be- 
cause the radii curvature the directrices the vault would relatively 
long and the stresses due dead load would very highowing the unusual 
dimensions the structure. These dimensions augment the effects creep 
and shrinkage such extent that the stresses approach those allowable only 
for the highest quality concrete used prestressed concrete. 


FACADE 
ARCH 


RIBBED VAULT SELF-SUPPORTING SHELL 
(a) (b) 


FIG. 3.—SIMPLICITY FLOW FORCES SELF-SUPPORTING SHELL CON- 
TRAST RIBBED VAULT. 


Under these conditions single shell slab extremely sensitive eccen- 
tricity the centroidal axis, caused structural defects deformations 
under non-symmetrical loads. difference only 3/4 in. between the theo- 
retical locations the centroidal axis and its real location leads flatten- 
ing the axis over distance about for curvature 330 ft, 
caused settling the falsework forms. point fact, the effective 
values the radii curvature the main arch increase from 295 the 
crown 1,378 the springing. The 1,378-ft radius much longer than 
that the Sando bridge, which had had the largest radius the world for con- 
crete arches all categories, with span 865 and radius curvature 
approximately 790 ft. 

study critical buckling, based tests and the theories advanced 
different authorities,3 for the three types shell roofs under consideration, 


Dischinger, Flugge; Timoshenko; von Karman; Girkman; Wastlund; Chambaud. 
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indicated that using the same quantity material, the safety factor for gener- 
buckling reaches maximum over four for double shell vault. 

With most the material concentrated near the extreme fibers, the self- 
supporting double shell would have maximum strength flexure and torsion 
for minimum concrete safely withstand considerable 
centricity the stress curve with respect the centroidal axis. For this de- 
sign, error accidental deformation in. would cause stress in- 
crease only psi. 

For the above reasons, the initial proposals were for the use two parallel 
cylindrical reinforced concrete thin shells single curvature, connected 
system metal beam lattices along lines radiating from the abutments and 
along lines perpendicular the facades. 

the design progressed, attempt was made replace the beam lattice 
three-dimensional system structural tubing placed along the ribs 
tetrahedra, whose bases were alternately located the upper and lower shell 
slabs. Both the lattice and the tubing appeared complex and costly and 
seemed advisable look for another solution. 


(c) 


FIG. THREE DOUBLE FORMS LED SELECTION 
CROSS-SECTION (c). 


Final Design.—The structure finally adopted entirely reinforced con- 
crete. Substantially simpler than designs, retains their best 
that is, the double shell without special supporting members (Figs. 
and 8). 

the Marignane hangars corrugated shell was used take the place 
ribs and diaphragms and provide moment inertia which would suf- 
ficient. the Exposition Palace, greater moment inertia provided 
the double shell. Nevertheless, despite difficulties construction, transverse 
corrugation the two slabs had provided prevent buckling and avoid 
the use numerous rigid structural members. 

The reinforced concrete webs radiating from the abutments are more ef- 
fective than the metal lattice the preliminary composite design solutions. 
The vertical transverse reinforced concrete diaphragms are spaced 29.5 
and are perpendicular the facades. They contribute the rigidity the 
structure and act equalize possible differences load different 
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sections and distribute concentrated live loads which may suspended from 
the roof. 

The resulting structure has all the properties airplane fuselage 
wing, that combines light weight with exceptional resistance bending, 
torsion, buckling and static and dynamic stresses all directions. The tri- 
angular shape required particularly careful attention the application the 
theories strength materials and the stress distribution the vicinity 
the crown. 

The above general reasoning led almost automatically the selection 
the final design form (Fig. 4c), either the basis strength materials, 
practical design considerations construction methods which could not 

The question how many corrugations should used had answered. 
This was not free choice because (1) transverse curvature the shell had 
sufficient provide the required factor safety against local buckling, 
(2) placing concrete without having resort double formwork limits the 
maximum slope surface 35°, and (3) construction stages with movable 
falsework led adoption number corrugations which was multiple 
the construction stages, the number stages itself being dictated the time 
specified the contract. 


STRUCTURAL FEATURES AND THEIR FUNCTIONS 


groined vault without any ribs structural arches (Fig. 3b). Being com- 
pletely self-supporting has substantial moment inertia due its double 
angle. The theoretical half-spans the six similar component sections vary 
from 337 for the sector the facade 390 for sectors the groin. The 
theoretical rise 152 ft. The height the cross section measured along 
perpendicular the centroidal axis increases from 6.2 the crown 9.0 
the springing. 

The abutments are massive vertical structures resting excellent foun- 
dation soil. The project director called for maximum use the site and lo- 
cated the abutments the extreme limits the property. Therefore, was 
impossible transmit the longitudinal force the arch directly the soil, 
because subway tunnels underground passages for vehicular traffic would 
probably constructed just beyond the abutments the near future. Tie 
members between abutments the planes the facade were therefore deemed 
indispensable. 

The ties had located level sufficiently low avoid obstructing the 
This locationhas considerable advantage from the stand- 
point safety. Long, exposed ties would greatly affected high tempera- 
ture case fire and would not fulfill the function keeping the abutments 
constant distance under dead load. placing them underground, they 
were protected from fire and other significant temperature variations. 

Roof.—On either side the central groined arch the roof consists nine 
successive corrugations which the projected width decreases from 22.5 
the crown 1.85 distance from the springing. Similarly, the 
radius curvature the intrados the corrugations varies from 22.5 
the crown 10.8 distance from the springing. The decrease 
width the corrugations results substantially constant fac- 
tor safety against local buckling, the stresses due dead load practically 
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double between the crown and the springing. the vertical plane perpendicu- 
lar the facades all the radii curvature are identical, which permits the 
re-use forms. 

economize concrete the thickness each shell, which only 2-3/8 
in. the crown for the two center sections, remains 2-1/2 in. about 100 
from the springing (Figs. and 8). Due reduced width, the stresses 
the latter section approach the allowable limits. From this sectionto the abut- 
ment the thickness the shell slabs determined the allowable stress and 
progressively increased in. the abutment where their width re- 
duced either side the groin. 

The two shells(Figs. and are connected meansof precast reinforced 
concrete webs 2-3/8 in. thick, which enable the system functionas assumed 
the design calculations and provide sufficient resistance shear. The last 
section the groin web the crown cast-in-place and 3-1/8 in. thick. 
Due the construction procedure separate sections, webs were provided 
either side each section order better resist torsion, flexure and 
shear. 

The cast-in-place web the facade 4-3/4 in. thick and includes pro- 
jecting concrete gutter which channels rain water above the plate glass facade. 
The connections between the steel mullions the facade and the vault trans- 
mit wind loads the direction perpendicular the facade, but permit suf- 
ficient vertical and horizontal displacement the that the twosystems 
are fully independent. The wind load transferred directly the ends the 
2-3/4 in. thick transverse vertical reinforced concrete diaphragms which are 
perpendicular the facade 29.5-ft intervals. These diaphragms 
distribute the concentrated non-symmetrical forces the various sec- 
tions and also stiffen the shells which act thin membranes between the four 
thin walls (webs and transverse diaphragms) for the transmission local 
forces. 

The junction the precast webs and diaphragms was detailed very care- 
fully eliminate all possible danger shear. Lapping rein- 
forcement was given special attention and the panels were made 
rigid cast-in-place joints. All panels are provided with openings for venti- 
lation, for equalization temperature between the two shells and for access 
from cell cell. These openings also permitted the transfer shoring from 
one section another during construction. 

Watertightness the roof obtained solely from the density the concrete 
which suitably vibrated and the surface enriched and troweled. 
Since the shell compression throughout and double curved, cracks are 
not likely occur. The inner shell doubles the assurance leakage. 

light color polyester-base paint was applied the exterior the upper 
shell. This adds the watertightness, makes the outer surface smoother, 
seals all pores and achieves uniform appearance concrete different ages, 
prevents damage due flue gases from nearby industrial plants and reduces 
heating the concrete surface. 

All rain water drains towards the abutments. From the enormous roof area 
75,000 tributary each abutment, veritable torrent water occurs 
the base, much during storms. was necessary provide 
sort ski-jump discharge similar those overflow spillways dams, 
and large reinforced concrete basins the ends the abutments. 32-in. 


diameter pipe connects the bottom each these receptacles the sewer 
system. 
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The upper shell concrete was placed directly against organically inert panel 
forms 1-7/8 in. thick composed wood fibers cement binder, the rough- 
ness which insures good bond concrete. The resulting thermal insulation 
substantially better than that required the design specifications. The 
double shell construction and the insulating panels combine give overall 
heat transfer coefficient, approximately 0.17 BTU per per degree 
Fahrenheit, level often not attained residential buildings. Thus the Palace 
will not uncomfortable the summer even midday. 

The double shell and insulating panels also provide good sound insulation, 
for instance, against the noise hail storm, and prevent the 
lower shell intrados. 

Crown Wall.—At the crown wasnecessary provide aspecial transverse 
diaphragm great strength. The primary role this element, which es- 
sential the stability the roof structure, receive all the forces pro- 
duced the shells and webs which abut against angles becoming more 
acute the center the vault approached. the six 9-sector sec- 
tions attains the maximum width 205 the crownand the monolithic action 
each section must assured this zone where the deflections would 
maximum. The crown wall may considered horizontal extension the 
groin web. The moments produced these groin webs acting half arches 
must transmitted and distributed torsion the nine opposite radiating 
sectors. The crown wall designed for this purpose. Compression the 
wall varies from zero the facades maximum 4440 kips the center 
the vault. Its height ft3 in. consists web and two 
flanges with constant thickness in. and width varying from 23-1/2 in. 
in. (Fig. 15). 

Design the crown wall presented numerous problems, such as: 


(1) Its position the section maximum thrust necessitated allowable 
stresses 1,900 psi order reduce the concrete cross section much 
possible. Even with this relatively high allowable maximumcom- 
pression was such that flange width much greater than in. would have been 
required. order keep this dimension was necessary use exception- 
ally high percentage hard grade deformed steel the flanges; approximate- 

(2) the course the different stages construction, special arrange- 
ments had made insure transmission compressive stresses while 
permitting complete freedom vertical deformation. 

(3) For various reasons (increased weight due the doubling the wall 
the crown, local thickening the shell slabs transmit jack pressure, etc.) 


was impossible employ methods means horizontal 
jacks located the crown. 


Decentering Walls.—Inorder todecenter each completed section the roof, 
gaps were left the springings the arches approximately from the 
center the abutments which jacks were and 8). either 
side this 3-ft wide gap, the diaphragms are capable distributing the con- 
centrated loads that would produced during decentering operations. 

Location the gaps this unusual position made possible take ad- 
vantage the relatively large shell thickness in., thus avoiding the need 
reinforcement resist the thrust the jacks acting along the centroidal 


axis. Grouping the jacks also produces easier and quicker distributionof forces 
the shells. 
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Abutments and abutments are massive, prismatic con- 
crete supports in. high, for which the dimensions and shape were de- 
signed insure proper anchorage the tie members and rigid fixing the 
vault. The step-shaped foundations extend in. below the base the 
abutment. The bottom 8-ft high step the foundation was cast directly the 
excavation insuring better bond with the exceljent foundation material 
and Lutetian limestone. 

Tie Members and Cable Anchorages.—The tie and are 
located the vertical plane the facades. The central sections 440 long 
are concrete, in. in. cross section. Each tie consists forty- 
four cables and each cable has working strength 185 kips. Beyond the 
central sections the ties are separated into two inclined members in. 
in. cross sections, with twenty-two cables each member. Each tie 
member works 8,160 kips resist the permanent load thrust the dome. 
Four additional void ducts are left for possible future installation cables. 

the point where the ties are separated, underground concrete pads, pre- 
stressed three directions, are placed upon two prestressed cable anchorage 
shafts designed withstand vertical force 1,764 kips. These shafts are 
continued downward through layer limestone and flared beneath it. 
permit slight horizontal movement during successive prestressing the 
cables without producing excessive stresses the anchorages, elastic sectiohs 
prestressed concrete, in. in. 11.5 ft, are positioned between the 
bottom the anchorage block and the top the circular shafts. 

The location and intersection the cables the abutments and the 
reinforcement were studied extensively arrive suitable distribution 
the considerable forces acting the anchorage. 

All the cables are type used the Boussiron-BBR prestressed con- 
crete system, consisting approximately 1/4-in. diameter wires fixed the 
ends steel button heads (Fig. 6). 

Facades.—The large facades consist entirely panels tempered plate 
glass. The panels are supported metal frame whose lightness contrasts 
with the imposing mass the vault and floors. The 
cal members are H-shaped. The maintenance walkways contribute hori- 
zontal rigidity; and the muntins for the glass panels, about in. 
center, are thin hollow stainless steel. 


GENERAL PRINCIPLES DESIGN 


External Forces and Internal principal forces affecting the 
roof are those usually considered the design roof structures: dead load, 
live load (service load), wind and snow loads, volume changes due tempera- 
ture, shrinkage and creep. 

The dimensions the structure and the great risks involved were such that 
the following effects were also considered: method construction; errors 
shell thickness; variation concrete density; deviations between theoretical 
and actual application forces due possible construction errors 
affecting the center line the vault, the axes its various component 
parts; temperature differences and differences shrinkage andelastic modu- 
lus between the two shells; second degree deformations; and compensating 
errors during decentering the arch and operation the jacks. 


ea 
4 
y 4 
| 
| 
| 
| a 


EXPOSITION PALACE 


Dead Load.—As already mentioned, the vault contains ribs facade 
arches. consists double self-supporting with two basic charac- 
teristics: (1) the average thickness the concrete constant along each 
horizontal generatrix the planes perpendicular the facades; and (2) the 
centroidal axis selected for facade, for instance BC, catenary curve 
the dead load triangle BCH (Fig. 9a). 

From these two basic characteristics, follows that any sector, such 
the elementary triangle BFG cut out the shell and projected onto vertical 
plane along its length, catenary curve the dead load. sector BDE 
taken along the facade with dy, the projection the elementary 
sector BDE catenary curve its dead load, having its centroidal axis 
that the facade, and the loads are proportional those sector BDE. 


DIRECT FLOW 
FORCES TOWARD 
THE ABUTMENTS 


THEOR 


SECTOR 


CENTER 


UPRIGHT MEMBER (VERTICAL ABUTMENT 
AND 


390 FT. 


FIG, ANY SECTOR THE (b) DEFORMATION 
CATENARY CURVE STRUCTURAL CONSISTING 

THE DEAD LOAD. THREE INDETERMINATE HALF- 
ARCHES, BESTRAINED TIES 

BETWEEN MASSIVE 


Sectors and BFG have the same rise. Their spans are respectively 


The total dead loads are equal and can resolved into 


separate equal loads applied along the length the lines and 


The different sections BFG, each representing catenary curve its load, 
the sum which represents the triangle BDH (one-sixth the vault), are 
independent equilibrium. The equilibrium all these sectors requires 
transverse reaction the crown (parallel the generatrices and directed 
along DH) which represents the transverse component the thrust. The trans- 
verse components each the triangles BCH, ABH and ACH transmitted 
point the crown wall are equilibrium that point. 

practice, the presence the crown wall, variations the height the 
webs and other factors make impossible plot each sector accordance 
with this strictly defined catenary curve. was, therefore, necessary find 


The thrusts are thus and 
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solution which took into account all the various factors. The 
centroidal axis isolated sector forming angle 3°20' approaches the 
ideal curve. The centroidal axis finally adopted curve the fourth order 
valid for all the radiating sectors. 

Under dead load the total vertical reaction each support 10,100 kips 
and the force one tie member 7,800 kips. Axial compressive stresses 
due dead load are relatively moderate. For the groined arch, for example, 
these stresses increase from 575 psi the crown maximum 1,120 psi 
three-tenths the half-span from the springing and decrease down 925 
psi the springing. (See Table for allowable stresses.) These stresses are 
substantially modified the appreciable moments due dead load. These 


TABLE 1.—PROPERTIES MATERIALS 


(a) Concrete 


Location Cement Ultimate 


Abutments 1,560 130 
Shells 1,700 140 
Crown Walls 1,900 160 


(b) Reinforcing and Prestressing Steel 
Type Purpose Elastic Ultimate Elongation Allowable 
limit, strength, ult, stress, 
psi psi 
Tor, Caron (std. 
European deformed 57,000 
bars) equal 
Semi-hard for 
Stress relieved, 
self-unrolling, for 206 ,000 
prestressing cables 


For tie cables 164,000 206 ,000 128 ,000 


90-day strength 8-in. cubes. The above allowable stresses may increased 
for simultaneous accumulation live load stresses and stresses due possible 
construction errors, shrinkage, creep, etc. 


moments are produced by: (a) the deviation between the adopted fourth degree 
curve and the actual catenary curves the different radiating sectors; (b) the 
weight shoring for the upper shell which removed after decentering; (c) 
the weight joints between the construction stages, these joints being cast 
several months after decentering; and (d) allowance for possible construction 
errors shell thickness 0.1 in. for each shell). 

All the above factors bring stresses the extrados the groined 
arch 435 psi the crown and 1,150 psi the springing. The total shear 
the abutment 575 kips. 

Live Loads.—The self-supporting shell has high moment inertia. The 
structural system may described three indeterminate half-arches fixed 
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the vertical abutments which turn are supported the soil acting 
elastic foundation. The tie members offer elastic restraint the defor- 
mations the system and the degree restraint determined the stress 
the cables and the concrete which surrounds them (Fig. 9b). 

The deformation coefficients the soil, determined previously tests, 
permit calculation the theoretical height which the vertical member 
the abutment should extended produce the same displacement the sys- 
tem would occur soil deformations. precaution, two possible ex- 
treme values the soil deformation coefficient were considered design. 

Experience with the Marignane hangars2 and other structures showed that 
shell structures this type function like arches with respect principal 
stresses. This hypothesis valid provided the distribution and transmission 
stresses different parts the structure are thoroughly investigated 
the second phase design calculations. The behavior the different con- 
struction sections the course decentering and during non-symmetrical 
load test demonstrated the validity this analogy. The principle resolution 
statically indeterminate system classical: determinate system ob- 
tained taking section along the generatrices the crown and the con- 
nections the tie members the abutments. Thus three similar sections 
will obtained. Forces are applied every section that the sum dis- 
placements caused horizontal and vertical flexure and torsion zero. The 
number statically indeterminate variables the entire system eight. 
facilitate solution, cases symmetric loads related axes symmetry 
the roof were considered. Influence lines are traced for each sector. 

Anticipated live loads.—(1) psf uniformly distributed without drift- 
ing, psf least favorable locations for each section with drifting. 

(2) Service psf distributed least favorable manner, for each 
section. 

(3) Wind—basic dynamic pressure corresponding wind velocity 
mph. Design calculations were based the two least favorable cases de- 
termined wind tunnel reduced-scale model: (a) with wind blowing 
perpendicular facade and three facades place; and (b) with wind blowing 
perpendicular facade, this facade being destroyed and the other two still 
standing. 

(4) Possible construction errors thicknesses corresponding 2.5 psf, 
assumed least favorable locations. 

(5) Variations temperature the whole structure 36° witha modu- 
lus elasticity 4.25 106 psi. 

Taking into account all live loads, the compressive stresses the intrados 
the groined arch may reach 2,060 psi the springings, 1,660 psi two- 
tenths the 1,000 psi the 1,190 psi). Tensile 
stresses psi the crown can result for the hypothetical case wind 
blowing onto destroyed facade. 

verification carried out doubling all live loads demonstrated the high 
degree safety the roof structure since evenunder such extreme conditions 


the series stresses the sections mentioned above would not exceed the 
following: 


Compression: 2650 psi, 2390 psi, 1590 psi 6100 psi* 
Tension: 560 psi< 640 psi 


See Table Ultimate compressive strength concrete shells. 
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The stresses are conservative considering the quality concrete and the 
available reinforcement resist tension. 

Volume Changes.—The volume changes the concrete result from elastic 
deformations and creep under dead load, and from shrinkage and temperature 
changes. order minimize, not eliminate, the forces which result from 
such volume changes, the arch was decentered jacks located cuts near 
the springings. 

Elastic deformation under dead load was automatically cancelled the 
moment decentering. Creep, however, causes the crown deflect down- 
ward with time following relationship previously numerous 
tests long duration prisms the same concrete and subjected the 
thatoccur The major part creepand shrink- 
age attained after four five months. During this period the successively 
constructed sections remain supported jacks. The total creep and shrink- 
age, part which willoccur after concreting the joints, can easily 
from the deflection the crown possible compensate for all the 
volume change when the joints are filled. The shell will then most 
favorable condition from the standpoint strength. 

not possible compensate for certain effects, however, and they must 
considered design calculations. The two shells are concreted 
ent times and therefore the modulus elasticity cannot identical. Also, the 
two shells may exposed different thermal and hygrometric ambient con- 
ditions. With respect shrinkage, for relatively long rainy period 
can delay contraction the upper shell and caneven produce expansion the 
concrete; the other hand, the inner shell would undergo accelerated shrink- 
age the structure were heated same period. Similarly, solar 
radiation may produce appreciable temperature differences the summer be- 
tween the extrados the upper shelland the intrados the lower shell. When 
the outer shell subjected low temperature and the interior heated, the 
opposite effect produced. 

For this reason the roof design was checked assuming differential tem- 
perature 18° between the two shells, and differential residual shrinkage 
in. per in. and finally difference the moduli elasticity 
10%. 

Buckling and Creep.—It the writer’s opinion that shear and buckling should 
most carefully investigated thin shell structures large curvature. 
Failures from such causes are particularly dangerous because outward indi- 
cations precede their occurrence; failure almost instantaneous with the ap- 
pearance shear cracks first light fold due buckling. crucial 
problem for shells this type the relation creep buckling. 

General buckling the roof well the three individual sections was 
investigated determining the critical load Euler’s formula for buckling: 


Per 


which was taken considering the rise-span ratio the arch and the 
not perfectly fixed end conditions. 1.42 106 psi was used for dead loads 
due creep obtain factor safety greater Other checks 
were made since was reasonable expect that arch will not fail abruptly 
due Euler’s buckling under the effect practically constant thrust. the 
particular case the Palace roof, was deemed prudent anticipate in- 
crease the actual deformations over those initially computed because the 
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maximum total the under the effects possible 
tural errors eccentricity forces caused non-symmetrical live loads 
and corresponding deformations the second order. All these calculations 
were carried out determine whether the deformed roof was stable and still 
would provide safety factor with respect rupture. 

Local buckling due blister wave deformation was the subject ex- 
tensive research and tests cylindrical straight shells constant cross- 
subjected axial compression. All authors appear agree that the 
general formula for determining critical stress follows: 


where the modulus elasticity the material used, the thickness 
the shell, its radius curvature and empirical coefficient. Timoshenko 
and Girkmann give the value 0.6, but appears that they studied only 
buckling wavy folding. The GALCIT (Guggenheim Aeronautical Laboratory, 
California Institute Technology) Report No. 130, 1939, after tests made 
sheet metal cylinder, studied the effect variation ratios and where 
the distance between transverse diaphragms. For 1.2< <3, which 


the condition the Palace roof, 


Theodore von and Michidsen andKempner® give values between 0.182 
and 0.195 for Their studies also concern diamond-pattern buckling, such 
may occur the thin shells being discussed this paper. 

Tests were also made cylinders made bristol board and steel, and 
cylindrical shells steel and reinforced concrete with stiffened edges. 
The ratios varied between and The mean probable value de- 
termined experimentally for approximately 0.18. 

Another important factor which must considered study buckling 
reinforced concrete shell structure the value under sustained load 
and higher than usual stresses. Tests were conducted for period more 
than two years but cannot fully discussed here due space limitations. 
They demonstrated the importance creep buckling, particularly early 
ages (Fig. 10). The principal observations§ applying the quality concrete 
used the shell are follows: 


(1) Shrinkage increases rapidly during the first two months. becomes 
stabilized more rapidly than creep and appears attain equilibrium value 
after two years. becomes more rapid the transverse dimensions the 
elements decrease size (case the thin shell). 


The Buckling Thin Cylindrical Shells Under Axial Compression, Journal the 
Aeronautical Sciences, June 1941, No. 

Journal the Aeronautical Sciences, December 1948. 

These observations were made Delarue the Casablanca Laboratories 
beam the prestressed bridge Rabat and prisms the same concrete, which 
were made the laboratory. His observations agree with the writer’s evidence. 
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(2) approximately three months, contraction due creep appears 
proportional the square root time. 
(3) For periods greater than three months, the variation appears adjust 


itself accordance with law proportionality the type log where 
the age which the load applied. 

(4) With initialelastic moduli higher than 6.4 106 psi, the apparent moduli 
elasticity function duration applied load tend towards rather lower 


values, the order 1.4 106 psi, while the instantaneous modulus elas- 
ticity increases towards 7.1 106 psi. 


(5) After three months load application producing average stress 
1,000 psi, the apparent modulus elasticity (shrinkage subtracted) drops 
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FIG. AND SHRINKAGE CURVES THE CONCRETE THE SHELLS. 
THE CREEP COEFFICIENT 2.6 10-4 CETERMINED MEASURING THE 
THE CROWN THE END 110 DAYS UNDER LOAD 
AGREED REMARKABLY WELL WITH THE VALUE 2.55 10-4 
OBTAINED FROM THE TEST SPECIMENS THE SAME AGE. 


52% its for load application days, and 64% its initial 
value for load application days. From the curves appears that the 


minimum apparent modulus after several decades will between 23% and 27% 
the initial value 


Experiments reinforced concrete shells which approximately 


the average value for the Palace roof and concrete comparable quality that 
used) prove that buckling will notoccur when the stress the shell multiplied 


gives 255,000 psi. Thus reinforced concrete shells 1/2 in. thick 


(reduction one-fifth actual shells) subjected 3,840 psi more than two 
show adverse effects. 
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Many problems remain solved this area suchas buckling under ec- 
centric compression, load application between and days and effectof secon- 
dary curvature the shells. most fortunate have the precedent the 
Marignane hangars built relatively dry climate considerable 
contraction. Since 1951 their behavior has been satisfactory; the limits pro- 
vided for slow deformations have not been exceeded. scale model test con- 
ducted 1949 study the corrugated shell this hangar showed that the 
0.47-in. thick test shell resisted without apparent fatigue 2.25 times the maxi- 
mum stresses the real hangar roof (dead load being doubled and snow load 
quadrupled). was possible derive probable 


The close agreement this value and that given previously should 
noted. 

The first the roof the Exposition Palace, which was decentered 
March 1958, demonstrates the accuracy design provisions concerning 
creep and shrinkage (Fig. 10). July 27, 1958, the actual deflection the 
crown was 2.9 in., which corresponds modulus elasticity 1.8x 106 psi. 

Other addition the tests buckling shells and creep the 
concrete, others were made including: 


(a) Tests todetermine differential shrinkage between cubes same age lo- 
cated outdoors normal atmospheric conditions and indoors under normal 
residential conditions (heating winter, ventilation summer); 

(b) Tests determine variation the coefficient soils 
function applied unit pressure; 

(c) Aerodynamic studies wind tunnels model 1/200 scale for the 
different stages construction (one shell with without floor and with one, 
two three facades); 

(d) Photo-elastic studies Araldite models 1/200 scale thin shell 
composed three cylindrical sections tested tension eliminate buckling 
and determine the pressure line and the effect massive ribs along the 
generatrices the crown; 

(e) Bending tests glass for the panels the facades; 

(f) Static tests prestressing steel and prestressed concrete. 


The tests prestressing steel and concrete were made order apply 
theories probability evaluation the safety the shell and the ties. 
Particularly the case the ties attempt was made determine most 
suitable steel stresses. Robert has concluded, using methods de- 
numerous reports and publications, that for tolerable 
failure 10-5 stress 140,000 psi the steel was acceptable. Pacz,8 
following Torroja’s procedure, which includes some the financial aspects 
the problem and the risks and exhibited property, arrived astress 
132,000 psi. Finally, limit 128,000 psi was adopted. The reduced stress 
was used provide additional margin safety against possible corrosion. 


Sécurité dans les Constructions, par Levi, Extrait Travaux, August, 1956. 


Determinacion del Coeficiente Seguridad las Distintas Obras, par Alfredo 
Paez Balaca, Instituto Technico Construccion del Cemento, Madrid. 
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This was considered prudent because grouting the cables the ducts, after 
application stress, had delayed until the three-stage construction 
the roof was completed. further precuation avoid corrosion soluble 
oil was sprayed into the cable ducts for temporary protection. Before final 
grouting, the oil was washed out with water. 


CONSTRUCTION METHODS 


The methods construction and the sequence operations necessity 
were closely related the design the structure. was not possible re- 
cruit the 800 skilled workers required complete the work usual methods 
the months allowed from the date the site was available. Moreover, the 
space available for casting all elements the site was totally inadequate. 
was decided the precasting large elements weighing 2.2 6.6 tons off 
site and deliver the elements the site with well organized transport facili- 
ties. The labor force thus did not exceed 300 workers the site with another 
men the precasting plant during half the construction period. 

The central batching plant was part aprecasting plant locatedon the river 
Seine three miles from the job. All precast floor elements were fabricated 
this plant which was provided with fully automatic mixing equipment (Coignet 
process) and steam heating accelerate hardening the concrete. The total 
weight transported precast elements, reinforcement and concrete truck- 
mixers totaled 83,000 tons. 

Construction Stages and Methods.—The floors were completed before the 
roof structure reduce the height centering needed for the vault, 
provide firm support and minimize settling the scaffolding (Fig. 11). 

The central triangular network floor, with area 125,000 without 
expansion joint, was built first. This floor consists precast double slab, 
prestressed two levels three directions. supported columns 
the apexes equilateral triangles, the sides which measure 
happened that the 200-psf live load specified for the floor corresponded exactly 
the weight the two shells, forms and scaffolding. 

The sequence construction the vault was planned maintain equilibri- 
forces and deformations the shell careful consideration the as- 
sumptions made design and also complete the structure the specified 
time. 

Tie Members.—Construction the underground tie members with their 
anchorages and the abutments was begun along with placing the floor. The 
special high-strength steel tie members were temporarily left without pre- 
stress. The cables were later tensioned groups resist the thrust trans- 
mitted the abutments each roof section was decentered. Because the 
187-kip force each cable and the divisionof the tie into two members the 
ends the horizontal central section, the operation was rather delicate one. 
was necessary induce each tie member and then grout the 
decentering joints maintain the abutment position. 

Stage Springings the Vault.—The floor was completed near the abut- 
ments first order permit the shell from the springings 
the decentering joints. Because the concentration forces these areas 
the width the vault narrows toward the abutments, the shells had 
very thick. The great weight the concrete and the proximity the fixed 
abutments made preferable these areas use forms supported wood 
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framed scaffolding with cement mortar joints not subject settling and having 
low deformation factor, order minimize the danger cracking the con- 
crete. 

There was advantage completing this part the structure soon 
possible for the entire arc 60°. This portion sustains the highest stresses, 
and the longer curing period enabled the concrete attain maximum strength 
the time stresses were applied the decentering jacks. Concrete was 
placed progressively from the opening for the jacks toward the crown. 

Stages and Double Units the Three Radiating vari- 
ous radiating sectors were concreted forms supported tubular scaffolding 
rolling the main floor direction perpendicular the facades (Fig. 12). 
Construction successive stages resulted inconsiderable economies forms 
and scaffolding. Nevertheless, time requirements limited the operation 
three construction stages for the vault instead the four which were original- 
planned. Each stage consisted three radiating sectors, each constituting 
one-sixth the roof. 

With careful study scaffolding needs and the use new 1-1/2-in. tubes 
perfectly straight sections, spacing much in. between vertical 
tubular supports was possible. Despite preliminary construction the main 
floor which resulted 39-ft reduction height scaffolds, and despite 
construction stages, more than 185 miles tubular scaffolding were needed. 

the top, the tubing formed fork regulated screws. These forks re- 
ceived the lower chords the wood trusses, the upper members which fol- 
lowed the curvature corrugation plane perpendicular the facade. 
This curvature, already indicated, remains identical for nine successive 
corrugations. Rafters placed the trusses supported the plywood forms. 

Each time the scaffolding was moved was necessary dismantle and ad- 
just these forms, the angle between the rafters and the trusses varied 
plan approaching right angle. The trusses could slide their respective 
grooves (forks) the desired position. This was possible, however, only 
having strong lower scaffold which could support concentrated load any 
point. 

The intrados each shell was cast form-sections 29-1/2 length, 
leaving space for each web and diaphragm. keep the vibrated concrete 
place maximum slope 35° very dry mix was used. The quantity 
mixing water was reduced minimum with the aid plasticizer. pre- 
vent crazing, finishing the upper surface was followedimmediately appli- 
cation curing compound. 

The thick webs and diaphragms with maximum height in. 
would have been difficult cast place between vertical forms. These thin 
plates were therefore precast sheltered area the finished basement 
the Palace. Transportation was thus reduced minimum and cracks due 
trucking and repeated handling were eliminated. 

The plates were divided into elements lengthsuch that their weight did 
not exceed 1.65 tons, that they could handled the large 165-ft boom- 
cranes. The panels were joined cas’ in-place concrete. Similar construction 
joints were provided between the panels and the lower shell. 

simple wood shoring was then placed the lower shell support the 
fiberboard panels which served the bottom form for the upper shell. Rein- 
forcement was then placed and the upper shell was cast from the springing 
towards the crown, proceeding sections long. The extrados was 
vibrated, floated and enriched with cement insure watertightness. 
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should noted that the vertical tubing the falsework which was sup- 
portedon the main floor was subject elastic contractions only. The load due 
scaffolding, forms and concrete was the same the live loads assumed 
design the floor, which was thus tested automatically additional cost. 

Decentering.—The different stages were constructed with complete sepa- 
ration between them following the line the directrix (Figs. and 14). This 
procedure offered three advantages: 


(1) Narrow groups six three radiating sectors cameclose the basic 
hypothesis the theory strength materials. The effect the roof 
whole, after the sections were joined, would come into consideration only for 
the live loads which would relatively small comparison the dead load. 

(2) Flow forces follows closely the directions assumed the design 
calculations. 

(3) Complete freedom deformation one section with respect the next 


during decentering and during creep and shrinkage action the months 
follow. 


This independence sections raised problem the crown wall where 
compression had transmitted the center the crown spite the 
separation between construction sections. transmit the compressive force 
while retaining freedom vertical displacement between adjacent construction 
sections, arrangement steel plates and rollers was placed the joint. 
Behind each plate vertical prestressing cable prevented failure the crown 
wall under the effect force distribution (Fig. 15). 

Although the concrete strength would have permitted decentering early 
days after placing, decentering jacks took place days for each 
construction reducecreep effects and simultaneously increase 
safety against buckling. 

order sure the fixity the abutments during decentering, equili- 
brium maintained between the forces induced the screw jacks 
and the tension the ties. The decentering procedure was conducted suc- 
cessive stages consisting the following operations: 


(1) The jacks each the three decentering joints were extended pick 
the vertical load tributary increments such that the dif- 
ference between the theoretical thrust and the force exerted the tensioned 
cables wouldnever exceed 176 kips, which could easily transmitted through 
the abutment the foundation soil. 

(2) Four inclined cables, two each end each Fig. 
5), were tensioned sufficiently resist the thrust due each incremented 
load the jacks were extended. 

(3) Two horizontal cables extending between the tie anchorages each facade 
were then tensioned 185 kips the final operation each stage. 


These decentering operations were repeated until the entire permanent load 
each construction stage was transferred from the scaffolding the abutments. 

Due the successive tensioning the inclined and horizontal cables, the 
anchorage blocks were subjected force 370 kips directions. 
The corresponding displacement the anchorage blocks was possible without 
damage because the flexibility the relatively thin prestressed 
member the top the anchorage structures (see Figs. and 6). 

order transmit the weight the upper shell the lower shell without 
causing abnormal deflections which could damage the lower shell, the shoring 
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between the shells was removed when between one-half and two-thirds the 
compression was taken the jacks. 

neutral condition, that is, condition corresponding the elastic con- 
traction the concrete under working load, was plainly revealed the chang- 
ing course deformations (Fig. 16), particularly the crown, well 
jack pressure which remained substantially constant. Starting from the mo- 
ment when the neutral condition was established, which marked the beginning 
the second decentering stage, that compensation for shrinkage and creep, 
the roof was easily freed from the scaffolding without the need special ma- 
nipulation the forks supporting the forms the wedges the foot the 
scaffolds. this respect, decentering the arch proceeding from the spring- 
ing spreading the decentering joint much more efficient than having 

VARIES FROM 


PRESTRESS CABLES 23.5in. 49.0in. 
(24 


12.3 ft. 


COMPRESSION 


POSSIBLE RELATIVE 
VERTICAL TRANSLATION 


ROLLERS JOINTS BETWEEN SECTIONS THE 
CROWN WALL, 


the jacks located openings the crown. the latter procedure the spring- 
ings the arch, which are fixed, never become disengaged due elasticity 
the centering. 

There remained the removal vertical scaffolding perpendicular the fa- 
cades using rollers and winches. This without lowering the center- 
ing after having previously placed the forms clear the lowest point the 
corrugations. These operations were carried out rather rapidly. 

Before filling the decentering joints with concrete placed between the jacks, 
the position the vault section was carefully checked that could cor- 
rected necessary. 

The total pressure exerted the hydraulic jacks the three joints the 
springings amounted 19,200 tons for the last two sections. 

period several months was allowed for the differences creep defor- 
mation two adjacent construction sections become sufficiently small 
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permit placing concrete longitudinal joints and thereby producing completely 
monolithic structure. 

The first construction 13) was testedunder non-symmetrical 
live load applying tons one the legs. The deformations correspond- 
those assumed design. Stress development was followed closely from 
the start construction and during all successive stages means stable 
strain indicators cast the concrete the abutments, shells and crown wall. 

September 1958, the centering was removed from the third construction 
section, and the joints between the three sections were cast few months 
later, thus completing construction the vault. 


CALCULATED 
READINGS DURING DE-CENTERING 
OBSERVED 


ALLOWANCE 


FOR CREEP 


SHRINKAGE 


RISE CROWN (inches) 


DEFORMATION 
SCAFFOLDING 


IGNORING ELASTIC 


AVERAGE OPENING JACKING POINTS (inches) 


FIG, DURING REMOVAL CENTERING THE FIRST CON- 
STRUCTION STAGE, 


This exceptional shape and design world records 
the time completion: 


the largest surface supported single point—75,350 


the longest spans for thin shell vaulted structure—675 the facades 
and 781 the groin. 
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STABILITY CONSIDERATIONS THE DESIGN 
STEEL PLATE GIRDERS 


FOREWORD 


This paper was the basis for oral presentation the Joint ASCE- 
IABSE Meeting the New York Convention, October 1958. All Joint Meeting 


papers published Proceedings Civil Engineering will reprinted 
one volume. 


SYNOPSIS 


The paper deals with the results tests conducted large steel plate 
girders. Particular consideration given the stability requirements 
webs and stiffeners large-scale steel girders. Different combinations 
bending and shear are considered. 

Design rules are given for determining the thicknesses webs and the 
locations and dimensions vertical and horizontal stiffeners. 

Future developments are indicated. 


INTRODUCTION 


the case steel columns, stability considerations are prime im- 
portance the design large-scale steel girders. Some similarities, but 
also important distinctions, exist the stability requirements individual 
columns and those plate elements and their corresponding stiffeners. 
The behavior and design steel columns subjected thrust and unequal end 
moments have already been discussed detail another paper(1)2 the 


Note.—Discussion open until June Separate Discussions should submitted 
for the individual papers this symposium. extend the closing date one month, 
written request must filed with the Executive Secretary, ASCE. This paper part 
the copyrighted Journal the Structural Division, Proceedings the American So- 
ciety Civil Engineers, Vol. 86, No. January, 1960. 

prof. Civ. Eng. and Mechanics, Univ. Liege, Belgium. 


Numerals parentheses, thus: (1) refer corresponding items the Bibliography. 
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writer. This paper will deal detail with the behavior and design web 
plates and stiffeners large-scale steel girders. 

important trend (one two previously mentioned) has been occurring 
the recent evolution steel structures, namely, the trend obtain struc- 
tures minimum weight. The latter trend, together with additional con- 
siderations, has resulted the more frequent use plate elements struc- 
tural members. This can observed the development large span plate 
girder bridges, suspension bridge towers, and various kinds cellular 
structures. The increasing use plate girders for large span bridges has 
been further influenced considerations aesthetics, cost maintenance, 
and the ease fabrication welding. 

1939, the maximum span plate girders was about 300 ft. and has more 
than doubled since that time. The world record for maximum span length has 
been held for about the past two years the bridge over the Save Belgrad. 
The girders this bridge are continuous and have main span 780 ft.(3) 
Moreover, recent contest for the erection new bridge over the Rhine 
Koln, project was proposed that incorporated central span 1,120 
For the Belgrade bridge, the maximum depth the web 31.5 ft. and the 
corresponding thickness 0.55 in. The slenderness ratio, b/t, 
this web has the incredible value 686, whereas many specifications still 
restrict this ratio 170. Obviously, this unusual slenderness ratio was 
deemed acceptable only because the stiffness requirements the web had 
been carefully studied. The succeeding material will deal with the buckling 
aspects webs and stiffeners large plate girders, from the theoretical and 
experimental points view. 


THE CLASSICAL THEORY BUCKLING PLATES 


Elastic Buckling.—The linear buckling theory plates, initiated Bryan 
and developed Timoshenko,(4) based two assumptions which are 
apparently reasonable, but whose restrictive consequences are very drastic. 
The two assumptions are: 


the plate initially perfectly flat; and 


during buckling, the plate takes transverse displacements which are 
comparison with its thickness. 


For these very restrictive conditions, possible use the classical plate 
theory Lagrange and Kirckhoff and calculate the critical stress which 
the plate will suddenly buckle. 

Consider, for example, rectangular plate shown Fig. The plate 
has dimensions and thickness and subjected pure bending the 
direction. The buckling stress this plate usually expressed 
multiple certain reference stress. The reference stress that usually 
selected the buckling stress plate strip one inch wide and having 
length equal the width the plate (Fig. 1). This stress called Euler’s 
reference stress and equal 


where Young’s modulus and Poisson’s ratio. can therefore write 
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where the nondimensional quantity k,, called the buckling coefficient, depends 


the ratio the sides the plate and the support conditions 
which exist along the edges the plate. analogous expression, 


can written for the buckling stress plate that subjected pure 
shear its plane (Fig. 2). the plate subjected simultaneously com- 
pression and shear, bending and shear, etc. the theory gives inter- 
action formulae the type 


stresses alone shearing stresses alone; and are the direct 
stresses and shearing stresses which produce buckling when applied simul- 
taneously. The technical literature contains much information pertaining 
buckling coefficients and interaction formulae for various conditions 
stress. 5,6,7,8,9,10) For example, the case plate subjected simul- 
taneous bending and shear, the interaction curve represented the circle 


whose equation 


The effective stress measuring the danger plastic yield the metal 
defined, according the Hencky-von Mises criterion, 


where are the buckling stresses the plate subjected direct 


When buckling impending, reaches its critical value 


and may define the factor safety against buckling the ratio 


The quantity given Eq. will called the ideal critical effective stress, 
because all the considerations developed far are based the assumption 


that buckling occurs elastically, or, other words, that less than the 
proportional limit, the metal. 

Plastic the above condition not satisfied, buckling pre- 
ceded plastic deformations the plate and the phenomena become much 
more complex. Many theories have been advanced for example those 
Ilyushin, Stowell, and Bijlaard. addition many tests have been 
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United States the N.A.C.A. Structures Laboratory. The controversy which 
has arisen concerning the relative merits formulas derived from deforma- 
tion theories plasticity one side, and flow theories the other, has not 
been completely resolved. However, all authors agree (see for example 
ref. (7), 354) that the plastic reduction the stability plate that 
maintained frame like web panel plate girder, always less than 


that given the expression the tangent modulus elas- 


ticity the metal the buckling condition. 
The variation with the compressive stress usually not given the 


specifications. Nevertheless, the reduction factor can usually found 
means the following reasoning: 


Consider the graph shown Fig. giving the variation the buckling 


stress compressed bar with its slenderness ratio this graph, 


the effective buckling stress which, according the Engesser-Shanley 
theory, should equal 

(L/r)2 
the buckling stress the ideal elastic material, i.e., 


Therefore, the specification use does not differ much from the Engesser- 
Shanley theory, have 


and the reduction factor use the case plastic buckling 


applying the theory buckling the web plate girder, the following 
assumptions are introduced: 


the considered panel isolated from the remainder the girder; that 
is, the continuity the web not taken into account. 


the bending stresses applied the plane the panel are assumed 
equal the two transverse edges and are derived the elementary NAVIER 


formula which the bending moment the medium section. 


the shearing stresses, are approximately obtained dividing the 


shearing force the cross section the web These stresses 
subject the web pure shear. 

Theory Versus Experiments.—The preceding analysis, based the linear 
theory perfectly flat plates, indicates under what load the plate becomes 
unstable and buckles. But has been emphasized, this linear theory valid 
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only for transverse displacements the plate small proportion the ac- 
tual buckling behavior; unable describe the plate behavior the post- 
buckling range. 

The behavior plate after critical load has been exceeded differs 
radically from that compressed bar. When bent, the bar not con- 
strained all its deformations whereas, soon plate buckles, 
ceases developable plane (in the sense the theory surfaces). 
There arise the medium plane the plate membrane stresses which exert 
important stabilizing effect offering resistance subsequent deforma- 
tions. Because the progressive increase these membrane stresses dur- 
ing the loading test girder, the transverse displacements the middle 
the web not show the hyperbolic relationship load that obtained 
for the buckling compressed column (see curve (a) Fig. 4). the 
contrary, curve such (b) Fig. obtained. Consequently, very 
difficult, not impossible, define the exact point when the critical load 
reached and determine the value this load. 

For this reason, the collapse buckling web panel having rigid 
frame associated most often with the plastic stretching the web with 
the collapse the frame. Further, these phenomena occur only for load 
considerably excess the critical load. This fact well known aero- 
nautical engineers and has been utilized them for more than twenty years 
the design aircraft wings. The wings are designed Wagner beams, 
the extremely thin webs which are the limit buckling under usual 
flight conditions. 

the 1930’s and even now, civil engineers have put too much emphasis 
the results the linear theory buckling. The writer believes that the 
safety factor against buckling the web plate girder must chosen 
mainly the basis tests which represent well possible, the be- 
havior actual girders. This then means evidence from large scale tests. 


part this paper will deal with experimental results obtained the 
writer during the last ten years. 


TESTS GIRDER WITH VERY RIGID VERTICAL STIFFENERS(11) 


Introduction.—The simplest case was first studied; namely the behavior 
unstiffened web panels. Tests this kind were made large beam which 
had only very rigid transverse stiffeners. These stiffeners served rigid 
frame for each the web panels and were welded with the utmost care. This 
was done obtain panels flat possible and insure that the experi- 
mental critical loads would well defined possible. 

The tests were made the experimental hall the Civil Engineering 
Testing Laboratory the University Liege and were sponsored the 
Belgian commission for the study metal structures. The Laboratory 
now under the direction Campus and Louis. all the tests were 
made the same hall and the Amsler hydraulic equipment that was used 
not well known this country, some details the installation are given 
(Fig. 5). The floor the hall consists very strong reinforced concrete 
slab, which hydraulic jacks that can develop forces 200 tons are 
placed. The jacks apply forces from below the structure tested. The 
supports are placed above the structure and transmit their reactions the 
floor slab means steel columns whose bottom ends are anchored rigid 
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steel grooves securely bolted the slab. The equipment the hall consists 
total 600 tons Amsler hydraulic jacks, pumps, and dynamometers, 
well many pulsators. The latter can pulsate the oii the jacks and 
subject the structure fatigue. 

The test set-up that was used represented Fig. composed 
girder 43.4 long and 3.3 high, supported and and subjected from 
below the action many jacks. prevent lateral buckling, the test gir- 
der guided all along its length system rigid horizontal and vertical 
guides which constitute open work box (Fig. 5). connecting the jacks 
the same different pumps, possible obtain many different load- 
ings desired. 

The test beam has flanges section 0.6 in. and web, whose thick- 
ness varies from about 1/6 in. The web divided vertical stif- 


feners into panels having different ratios (Fig. 7). The desired 


loads were regulated means one, two, three the five jacks shown 
Fig. this way, various combinations bending moment diagrams and 
shearing force diagrams could obtained for studying the stability the 
different panels. With the help this single girder, was possible obtain 
many hundreds critical loads distributed the three-dimensional domain: 
The transverse deflections were measured the center the panels 


means dial gages having accuracy in. 


Non Destructive Tests.—Forty-four different loadings were successively 
applied the test beam. From the data these tests and plotting 
Southwells’ diagrams, 155 different critical loads were obtained for the 
panels the girder. 

insure accuracy 10% the determination the critical loads, all 
the critical loads which corresponded initial imperfection (as 
measured Southwells’ diagram) larger than 15% the web thickness were 
systematically discarded. This severe restriction resulted discarding 
determinations the total 155. sufficient number measurements were 
obtained from the interior panels plot seven diagramsof particular inter- 
est. these diagrams, one which shown Fig. the experimental 
values are plotted abscissae, and those ordinates. For 


means Timoshenko’s theory and Nolke’s and Iguchi’s theory are repre- 
sented the same figure. Timoshenko’s theory based the assumption 
simply supported edges and Nolke’s and Iguchi’s the assumption 
plate built-in along the two horizontal edges and simply supported along the 


vertical edges. The pairs theoretical values that are obtained are con- 
nected the ellipses 


comparison, the theoretical critical stresses and calculated 


The ellipses represent the interaction curves between and the 


basis the seven diagrams, the following conclusions are drawn: 
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The critical loads obtained experiment are almost always greater 
than those calculated the Timoshenko theory and general are the same 
order those calculated the Nolke and Iguchi theory. 


The scatter the experimental results large and partly due the 
imperfection Southwells’ method. also due the fact that the web 
continuous plate many supports. The latter condition affects the scatter 
the stability particular panel depends the stability the adjacent 
ones. Further, the relative stability the adjacent panels not the same 
for all types loading. 


the theory, the values the buckling stresses due bending the 
plane the web are underestimated greater extent than those the 
buckling stresses due shear. This conclusion based comparison 
made for each panel the minimum values critical stresses obtained 
means the tests the corresponding values critical stresses obtained 


means the Timoshenko theory. The results the comparison are 
follows: 


Type Panels Mean Value Mean Value 


cr, theor exp theor 


Collapse are now given three collapse tests that were 
made immediately after the non-destructive tests were completed. The first 
these collapse tests was made the complete girder. The complete gir- 
der was loaded produce plastic deformations its central portion. 
The other collapse tests were made after the central panel was removed 
torch cutting and new stiffeners were welded the two extreme portions 
the girder. Each extreme portion was about long. Many other tests 
the same kind were made the following years. 

Three kinds measuring detecting and recording devices were used: 


Mechanical dial gages having accuracy in. all the 


girders after the first, between and such instruments were used ob- 
tain accurate maps the transverse buckles the various plates. The gages 
were especially numerous the panels which were most liable buckle. 


Electric resistance strain-gages which measured the strains the 
flanges and signalled the beginning plastic deformations these elements. 
Measurements were also made the distribution strains the web the 
vicinity the stiffeners and elsewhere. About such gages were used 
each the collapse tests that have been completed. 


general white-washing the two sides the girder for detecting and 
recording the plastified regions. 


all these tests, the load was increased increments and indications 
all the instruments were read each these increments. Moreover, 
complete unloadings were frequently made order determine the magni- 
tude the residual deformations. These tests yielded not only the critical 
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load each panel but also the ultimate load the girder and the maximum 
load which each panel remained practically elastic. The experience ob- 
tained from these tests summarized follows: 


Buckling the web plate girder progressive phenomenon which 
does not invoive sudden collapse the girder does the buckling 


column. This because the large reserve resistance that exists the 
web for the post-buckling range. 


The girder remains practically elastic load which varies ac- 


cording the case from 1.2 2.8 times the critical load determined 
the Timoshenko theory. 


The ultimate load times greater than the theoretical critical 
load and has direct relation the latter load. However, the ratio these 
loads indicates the postbuckling range and greatest for those panels whose 
slenderness ratio the greatest. The ultimate load primarily dependent 


gages 


FIG, 


the resistance the girder’s elements (web, flanges and stiffeners) lo- 
cal instability caused the partial yielding these elements. 


Some special tests were made web panels which had especially 
large initial deflection. For low values loads, the elastic transverse dis- 
placements these panels were much greater than those identical flat 
panels. the loads were increased, the difference between the transverse 
displacements the two types panels became less and less, and the col- 
lapse stage the difference became practically negligible. can concluded 
that: initial curvature the web panels does not seem have unfavor- 
able effect the ultimate load such panels the case for the buckling 
columns. Consequently, test results obtained carefully made laboratory 


girders may transposed directly industrial girders, without introducing 
additional safety factor. 


Practical Consequences These Tests.—It has been shown that when the 
buckling load web reached, collapse not imminent. Further, the 
relationship between the buckling load and the collapse load indefinite. For 
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ST1 INELASTIC STABILITY 


these reasons, has been suggested that method deveicped for 
ing the ultimate load girder. Concerning this suggestion, has been 
proposed that the method based the work Wagner the field 
aircraft structures. The latter work has been extensively pursued this 
country Kuhn and his collaborators the N.A.C.A. Structures Laboratory. 

Let recall that Wagner beam usually cantilever and double 
tee beam whose web very thin (the value b/t usually between 500 and 
1000). The web such beam, high loads, subjected very strong 
diagonal folding. the web these loads practically does not resist com- 
pression its plane, the web exerts the flanges oblique tension force 
that proportional the load The vertical component the tension 
force (Fig. subjects the vertical stiffeners compression. the 
flanges, they act continuous beams that are supported fixed supports and 
are thus subjected local bending. The fixed supports are provided the 
stiffeners. However, the web becomes thicker, the folding has tendency 
concentrate more and more along the diagonals the panels. that case, 
the local bending the flanges diminishes, but the stiffeners remain sub- 
then concluded that appreciable Wagner effect should exist such 
girders, should possible measure the corresponding strains with 
strain gages. 

1952, the writer made some measurements strains the stiffeners 
new series test girders that had stiffened panels. The slenderness 
ratio, b/t, the webs was about 300. noted, however, that the panels 
were reinforced horizontal stiffener which could prohibit certain 
extent the formation diagonal wrinkles. The writer observed all stif- 
feners, not compression forces, but slight tension forces, result which does 
not seem encouraging for the application Wagner’s theory civil 
ing structures. Besides, the normal buckling shape Wagner beam 
significantly different from that obtained for panels subjected almost pure 
shear radically different from that obtained the last series tests 
wherein the panels were subjected mainly bending. 

further check, many strain rosettes were glued the two faces the 
web. This was done measure the state stress the web and detect, 
possible, rotation the principal planes strain which would ob- 
served diagonal tension field was develop progressively. The result 
these measurements was almost entirely negative; that is, appreciable ro- 
tation the principal planes was observed. 

Therefore, the writer cannot see this time how one can calculate with 
any accuracy the ultimate load mild steel plate girder with thin web. 
the basis these tests, suggests that the theoretical buckling load 
retained basis for the design calculations such girders. The calcula- 
tions may reasonably based the following principles: 


the critical buckling stresses and are calculated means 
1.35 against buckling shear and 1.15 against buckling bending. These 
values give very large factors safety against the ultimate load the beam; 


the ideal critical effective stress 
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the web greater than the proportional limit the steel, buckling will 


occur the plastic domain. that case, the value should reduced 
the value has been explained preceding section. 


Design Charts For Webs.—The numerical application these principles 
entails somewhat intricate calculations. For this reason, the writer and his 
collaborator Greisch have developed special chart which enables de- 
signer solve rapidly any problem connected with the buckling stiffened 
unstiffened webs. The chart based the use five parameters; 
conclusion the experiences described Available space does 
not permit the chart reproduced herein. has been recently adapted 
the German specifications for buckling and published German periodi- 
cal.(14) brief description the chart and its uses are given. 

The chart applicable for usual mild steel well for high strength 
steel that similar the American silicon steel. possesses close grid 
lines which enable the user follow with pencil definite orthogonal 
contour that varies according the problem solved. There are lines 
drawn and the final result can obtained fraction minute. The 
following problems can rapidly solved: 


Determine the safety factor against buckling given web panel that 
subjected given stresses and 


Determine the spacing the transverse stiffeners such that web 
panel given thickness and width subjected given stresses and 
will have given safety factor 


Determine the thickness web panel given length and width 
subjected stresses and and whose ratio only given, such that the 
safety factor against buckling will equal given value 


THE THEORY RATIONAL STIFFENING 


General.—The preceding discussion has been restricted rectangular 
web panels bounded rigid vertical stiffeners. has been shown that verti- 
cal stiffeners have practically effect buckling bending, except they 
are placed very close each other. Therefore, one inclined believe 
that the stability panels the median part plate girder can aided 
greater extent means horizontal stiffeners. regard such stif- 
feners, two questions immediately arise: 


What are the optimum dimensions for such stiffeners and for the web 
thickness 


What the optimum location horizontal stiffener, according the 
relative importance the shearing and normal stresses the web meas- 
ured the ratio? 


First consider the question the optimum dimensions given 
determined stiffener. the small torsional rigidity stiffener neglected, 
its aptitude increase the web stability completely defined its flexural 
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rigidity for bending normal the web. The stiffener can thus charac- 
terized its (non-dimensional) relative rigidity: 


where 


The Concept the Strictly Rigid Stiffener.--Now consider the case 
panel that subjected pure bending its plane and reinforced 
vertical stiffener (Fig. 10a). the stiffener has small relative rigidity 
will buckle with the web and the buckled shape the panel will have con- 
tour lines the kind shown Fig. 10a. 

Fig. 10c, curve drawn plotting the abscissae and the criti- 
cal buckling load stiffened plate the ordinates. The curve begins 
ever, when the rigidity the stiffener sufficient, the plate will now buckle 
each side the stiffener shown Fig. 10b, and the stiffener will re- 
main perfectly straight. The critical load corresponding the latter buckling 
shape can easily calculated. equal the critical load plate 
whose length a/2 and whose width The value this load designated 

Obviously, the stability panel with rigid stiffeners does not depend 
the rigidity the stiffeners. other words, the value does not depend 
and therefore represented Fig. 10c horizontal line. This 
horizontal line intersects the preceding curve point whose abscissa 
y*. For stiffener rigidity the buckling shape indifferent the 
stiffener can either straight bent. 

stiffener with rigidity has the smallest relative rigidity that can 
have and still act rigid stiffener; therefore called strictly rigid 
stiffener. There advantage using stiffeners having rigidity greater 
than the critical stress plate will not exceed the other 
hand, possible use stiffeners having relative rigidities less than 
Such stiffeners, however, would have transverse displacements normal the 
web shown Fig. 10a. detailed study, taking into account the costs 
steel and workmanship, shows that the strictly rigid stiffener generally the 
most economical stiffener. For this reason, called the optimum 
rigidity. 

The theoretical knowledge the values for different conditions still 
incomplete to-day. table given reference (7) that summarizes the 
known values for different conditions. emphasized that, for de- 
termined stiffener, such tables give two different values y*, according 
the two extreme cases pure bending and pure shear. 

Little known concerning the values for the usual case panel that 
subjected bending with shear. The writer made some calculations for 
the case panel that reinforced median vertical stiffener and 
subjected bending with shear, and determined the value for different 


values The results these calculations are shown Fig. 11. 
inspection Fig. shows that the value monotonously 
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from the value that Based this particular study, the writer 
assumes that the following rule valid: 


For panel that subjected bending and shear, the relative rigidity 
the strictly rigid stiffener never greater than the greatest the 


two limiting values 


modern large steel bridges, each web panel may reinforced sev- 
eral horizontal stiffeners shown Fig. 12a. times, some panels may 
reinforced with crossed vertical and horizontal stiffeners shown 
Fig. 12b. accurate rules exist today for determining the dimensions 
such stiffeners, each stiffener has influence the other. Actually, 
there are infinite number pairs stiffeners that are strictly rigid and 
the rigidity one the pair depends the rigidity the other. 


Polar diagram 


(b) 


FIG, 


FIG, 


Until more knowledge obtained, the writer has adopted second rule 
for stiffeners which follows: 


When two more stiffeners are used the same panel, each stiffener 
may designed were alone. should added that this rule has 
given safety for the few cases where complete calculations were made. 


The above theoretical views will reexamined the light the tests 
conducted stiffened panels. For the present, assume that the stiffeners 
considered panel are chosen rigid enough remain straight during web 
buckling. Two questions then arise: 


What the critical load the stiffened web and consequently what 
thickness should given the web? 


What the optimum location horizontal 


Practical Design.—Let first consider the solution question for 
panel that reinforced horizontal stiffener whose location known. 
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The solution this question readily obtained merely adapting the chart 
that was previously discussed for stiffened panels. Almost changes are 
required the chart. The modification that must made pertains only 
the first quadrant the chart wherein the existing curves are replaced 
new set curves. The latter curves are derived means the and 
values that apply the corresponding stiffened panel. New sets 
curves have been obtained the writer for various cases stiffened panels: 
for example, panel with median horizontal stiffener and panel with 
stiffener placed the middle the compressed zone b/4). 

Auxiliary Chart for the Optimum Location Horizontal Stiffeners.—From 
theory, the optimum position horizontal stiffener panel subjected 
pure bending distance b/5 from the compressed flange. 
soon shear present, the stiffener must placed lower position. 
This required reduce the height the larger web panel that below 
the stiffener and toincrease the stability the web against buckling shear. 
For the extreme case panel that subjected pure shear, the optimum 
location horizontal stiffener mid-height. 

The chart just discussed directly applicable all problems panel 
that reinforced horizontal stiffener, provided that the location the 
stiffener known advance. However, the optimum location ofa stiffener 
cannot obtained means this chart. 

For this purpose the writer has designed supplementary chart (Fig. 13) 
that will give directly, for each value the optimum location rigid 
stiffener. The optimum location that location which will increase the most 
the stability the panel. this cartesian chart, values are plotted 
abscissae and ordinates. The chart contains interaction curves 
between the critical normal and shearing stresses for several values the 


side ratio and for stiffeners placed respectively the middle, the 


upper third, fourth and fifth points the web panel. regard the latter 
variable, observe that the chart has dash-dot curves which divide the chart 
into four regions. These regions are respectively numbered and 

use the chart, compute the side ratio then determine the value 
the ratio that consistent with the most dangerous loading the 
panel far buckling concerned. Now follow the radial line that as- 
sociated with this value and stop the intersection this line and the 
curve labelled According whether this intersection occurs region 
the stiffener must placed the distance b/2, b/3, b/4 b/5 
from the compressed flange. 


TESTS PLATE GIRDERS WITH WEBS SYMMETRICALLY STIFFENED 


General.—The concept optimal rigidity purely theoretical no- 
tion, based the linear theory plates. From the results the first series 
tests, the linear theory was questioned. The theory indicates that stif- 
fener rigidity remains straight under the theoretical critical load but 
gives indication what will occur the postcritical domain. However, 
the latter domain that great practical importance the safety fac- 
tors against buckling are low and the value the ultimate load usually 
greater than twice the value the theoretical critical load. Thus, tests were 
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FIG, 


made compare the notion strictly rigid stiffener with that experi- 
ment and, particular, study the behavior such stiffeners the post- 
critical domain. The latter tests are described below. 

Description Tests.—The primary purpose these tests was study 
the stability web panels with horizontal stiffeners. For this purpose, the 
webs two welded double tee plate girders were firstly divided ultrarigid 
vertical stiffeners into four large panels 8.3 3.3 each. The stiffeners 
particular interest were longitudinal and were placed distance b/2, 
b/4, b/5 from the compression flange. The web thicknesses the panels 
were different and varied from 0.1 0.157 in. These were less this case 
than the first girder and were specifically 2.5; 3.0; 3.5; mm. The 
resulting slenderness ratios the webs, b/t, ranged from 250 400. 
observed that the latter value still less than the values that have been ef- 
fectively realized some recent bridges. 

Collapse tests were made, first the entire test girder, then each 
the two end portions the girder after the central panel that had been plas- 
tically deformed was cut away torch. The experimental set-up for these 
tests was the same for the previous tests. Measurements were made 
the deformations and displacements the webs and the stiffeners. 

objective these tests was determine the dimensions that should 
given the horizontal stiffeners order that they remain straight during the 
postcritical domain value load close the collapse load the 


girder. More precisely, the writer tried determine the values the 
following equation 


where the theoretical relative rigidity strictly rigid stiffener, and 
req the required rigidity actual stiffener that will satisfy the above 


condition. The writer was obliged increase the value from one experi- 
ment another and finally obtained set values that ranged from 
The final set values will given later. 


New Phenomena Observed.—The principal behavior that was observed 
these tests follows: 


every stiffener has determined efficiency domain. 


other words, stiffener, which remains practically straight for loads less 
than certain reference value (say tons) suddenly subjected rapidly 
increasing values transverse displacements the increased be- 
yond the value the reference load. Further, the stiffener ceases fulfill 
its stiffening role the applied load approaches the value the ultimate 
load. This phenomenon clearly shown the load-deflection diagrams 
Fig. 14. Fig. 14a for the mid-point the stiffener and Fig. 14b for the 
point the web which showed the maximum transverse deflection outside the 
stiffener. 

seems rational call the efficiency limit the stiffener the ordinate 
the point that associated with the maximum curvature the load-deflection 
diagram the stiffener. (See Fig. 14a), However, this criterion alone does 
not guarantee that the stiffener efficient for small values load; indeed, 
the stiffener can insufficiently rigid from the very beginning loading. 
Owing the geometrical imperfections panel and the unavoidable eccen- 
tricities loading, every stiffener subjected slight transverse 
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deformations low values load. However, these deformations are more 
less proportional the load whereas the buckling deformations 
panel increase greater rate than increase load. that case, the 


stiffener effective and has stabilizing effect the web long the 
ratio, 


maximum stiffener deflection 
maximum panel deflection (outside the stiffener) 


decreases the load increases (see Fig. 14c). Consequently, natural 
define the limit the efficiency stiffener the ordinate the point that 
associated with the minimum value the diagram 

Experience shows that the two definitions for the efficiency limit stif- 
fener are practically identical. then interesting consider simultane- 
ously the and diagrams. Note that the smaller the minimum 
value the ratio the more the stiffener will act rigid stiffener. Also 
note that ratio constantly equal zero corresponds perfectly rigid 
stiffener. Much thought has been given the theoretical reasons for this ef- 
ficiency limit. The following explanation seems reasonable: stiffened plate 


200 400 600 200 400 600 800 1000 


stiffener maximum panel stiffener 
panel 
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FIG, 


the result connection between plate and beam, this case the stif- 
fener. beam linear member whose transverse deflections are propor- 
tional the transverse forces that act it. However, the transverse de- 
flections plate are restrained the membrane stresses which act the 
middle plane the plate and which increase progressively the load in- 
creased. Consequently, the transverse displacements the plate not in- 
crease the same rate the transverse forces that arise from the curva- 
ture this plate. Therefore, the stiffener disadvantage comparison 
with the plate, particularly for greater values loads. This reasoning can 
verified calculations based the Karman-Marguerre equations for large 
deformations slightly curved plates. 

indicated, the efficiency limits the various stiffeners were obtained 
means experiment. The results the collapse tests are summarized 
follows: obtain stiffeners which will remain practically straight 
the value collapse load, necessary give them relative rigidity 
req) equal times their theoretical optimum rigidity. The tests showed 


that the value depends principally the location stiffener and does 
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basis these tests, the writer suggests the following mean values for 
design purposes: 


Distance Between Horizontal Stiffener Value 
and Compressed Flange 


The latter series tests showed also that the behavior stiffened panels 
quite similar that unstiffened panels. The collapse the stiffened 
panels remained progressive phenomenon and the ratio between the col- 
lapse load and the theoretical critical load remained between the values 
and obtained previously. Consequently, the safety factors 1.15 and 1.35 
that were proposed before are largely sufficient and could without danger 
lowered unity. The general design chart that was described previous 
paragraph also applicable the design stiffened panels. 

last question remains discussed: Why necessary employ 
stiffeners which will remain straight the collapse load? Firstly, longi- 
tudinally stiffened panels must obviously designed the same basis 
unstiffened panels. Now, since the factors safety against buckling are low, 
let consider the case girder where the buckling stress exceeded. 
this case, stiffened panels designed according the role would 
undergo much larger deformations than unstiffened panels. seems obvious, 
therefore, that stiffened girder should protected against this possibility 
multiplying the theoretical value certain factor safety. 

Moreover, the level stability the panels has important influence 
the ultimate strength the girder. This can seen inspecting the ex- 
perimental efficiency the steel for each type girder. The efficiency 
the steel defined the smallest the two following ratios: 


max 
yield point the flanges and yield point the web 


where Omax and max (the maximum effective stress the web) are cal- 
culated means the elementary formulae the strength materials, 
even the yield point exceeded. For the first test the first girder, the 
rigidities the stiffeners were equal the theoretical value and the 
efficiency the steel was 0.94, thus less than unity. The efficiency 
the steel was about 1.1 for the last two tests the first girder, where 
was approximately equal Finally, for the second girder where 
the stiffeners were almost sufficient retain the web failure (y/y* 
the value was equal 1.2. The latter value was obtained not only 
for relatively thick webs but also for the thinnest webs, whose slenderness 
ratio was b/t 400. This value comparable that obtained Lazard 
its bending tests large rolled profiles. 

Based the above, the following statement made: Welded girders 
the type studied herein can dimensioned have efficiency factors the 
steel greater than 1.2, reported for rolled profiles. Such girders can 
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obtained means the design chart that has been prepared for webs and the 
corresponding recommendations that have been made for stiffeners. The 
writer wishes emphasize that the latter statement not valid for girders 
whose stiffeners are selected accordance with specified value 
done for example the German specifications. also con- 
cludes that the additional steel put into reinforcing the stiffeners well paid 
for obtaining actual increase the safety factor about 25%. 


TESTS GIRDER WITH UNSYMMETRICAL STIFFENERS 


General.—The above studies and the corresponding rules are for girders 
which have stiffeners placed symmetrically the two sides web. Prac- 
tical considerations, however, frequently require the use unsymmetrical 
horizontal stiffeners. For example, considerations esthetic nature might 
prohibit the use horizontal stiffeners the external faces the edge gir- 
ders steel bridges. another example, the connection horizontal and 
vertical stiffeners their points intersection can raise difficult problems 
residual stresses due welding. These problems can minimized 
systematically utilizing dissymmetrical stiffeners. The vertical stiffeners 
can placed one face the web and the horizontal stiffeners can 
placed the other face. 

present, unsymmetrical stiffeners are usually designed calculating 
(arbitrarily) their moment inertia with reference neutral axis y-y 
placed along the face the web which the stiffener welded (Fig. 15). 
This design method has important and paradoxical consequence: leads 
favoring deliberately the use unsymmetrical stiffeners. This can 
seen inspecting family geometrically similar stiffeners. For these 
kinds stiffeners, the area stiffener can designated 


and the moment inertia 


where dimension the cross section taken reference and are 
certain constants. Now, compare the dispositions the stiffeners Figs. 
and and assume, for simplicity that the neutral axis the same each 
case. For the case the symmetrical stiffener, 


and 


the welding costs and the areas the stiffeners are assumed the 
same for the two cases, the cost each kind stiffener the same. For 
equal areas the two cases, have 


which gives 


Se 
(18) 


INELASTIC STABILITY 
Consequently, the corresponding moments inertia are 


for the symmetrical stiffener: 


and the superiority the unsymmetrical stiffener clearly established. 

The above result depends entirely the arbitrary assumption made pre- 
viously the position the neutral axis y-y (Fig. 15). was decided 
check the validity this assumption means tests. These tests were de- 
fined reproduce closely possible the tests that had been made the 
second girder with symmetrical stiffeners. this way, the only variable 
that was introduced was “kind stiffener.” 

Description Tests.—The girder used these tests was similar the 
preceding girders, except that its length was slightly greater (50 ft). The 
yield points the web steels and the flange steels were almost the same 
those the preceding girder. addition, the stiffeners were designed 


FIG, FIG, FIG, 


have the same relative rigidity the preceding girder except that 
they were now unsymmetrical. The moments inertia entering into the ex- 
pression for were calculated the conventional rule using the neutral axis 
tangent the web. 

Three collapse tests were made the present girder. The locations 
the electrical strain gages that were used these tests are shown Fig. 17. 
The strain gages were placed the two sides the web. This was done 
determine the width “b” the web which would participate the transverse 
bending the horizontal stiffeners. 

Results Tests.—The determination this effective width was tried 
different methods and proved very difficult. However, the few 
cases where could determined, the effective width was the mean 
times the web thickness (Fig. 18). The rigidities all stiffeners were re- 
calculated this basis. The calculations showed that the value (or 
obtained the conventional method (Fig. 15) greatly exaggerated. 

detailed comparison was made the collapse loads girder (with 
symmetrical stiffeners) and girder III (with unsymmetrical stiffeners). The 
comparison showed that the efficiency the steel was much less for girder 
than for girder The mean values the efficiencies were 0.978 and 
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1.175, respectively, and differed about 20%. large part this difference 
can attributed the errors which lie the conventional method calcu- 
lating the moments inertia unsymmetrical stiffeners. The writer con- 
cludes: Unsymmetrical stiffeners can designed the same rules sym- 
metrical ones, provided that their moment inertia calculated shown 
Fig. 18. The effective width the web considered 20t. 
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COMPARISON WITH TESTS ALUMINUM GIRDERS 


Rockey Great Britain has recently reported the results in- 
teresting series tests aluminum alloy girders reinforced vertical 
stiffeners.(16) His results are general agreement with those the writer, 
except that his recommendations Rockey proposes buckling safety factor 
less than unity (0.667). the writer’s opinion, the safety factor should not 
less than one for steel girders. The difference between the two proposals 
can readily explained one considers the difference behaviour the 
two materials. The following values were obtained for the two 
materials: 


for the aluminum alloy Rockey, 


for the mild steel the writer, 1.14 


recalled that the critical stress 


for assumed value Eq. indicates that the extent the post- 
critical domain, measured the ratio also measured the 
ratio Thus, the extent the post-critical domain three times 
greater for the aluminum alloy than for the mild steel. Consequently, mem- 
brane stresses played much more important role Rockey’s experiments 
Pultimate/ 

that 


ranged between and whereas the writer obtained values that ranged be- 
tween and 


important consequence the above follows: the buckling safety 
factor should decreasing function the parameter For example; 
lower factor safety should used the design high strength steel 


web panels, for which 10-3, than the design web panels 
usual mild steel. 


than the writer’s. fact, Rockey obtained values 


EFFECT THE FLANGE STIFFNESS THE WEB BEHAVIOR 


Rockey called attention new parameter, which can in- 
fluence considerably the post-buckled behaviour web plates subjected 
shear. showed experimentally that the buckling formation and more 
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particularly the depth the buckles, were affected the flexural rigidity 
the flanges. Very large lateral deflections the web plate occur the flange 

rigidity less than certain minimum value. The latter value given 
the empirical law 


valid over the range Eq. 22, the moment inertia 


the flange and are the width and thickness the web. Eq. shows that 
the required flange rigidity varies with the ratio the applied load, the 
buckling load the web plate, For example, the flanges plate 
girder are too flexible, then, when the web plate loaded beyond its buckling 
load, the flanges will deflect under the lateral load imposed the membrane 
stresses and the transverse deflections the web will rapidly become ex- 
cessive. can verified that Rockey’s condition (Eq. 22) not satisfied 
many the present welded steel girders and that these girders would fail 


shortly after being loaded beyond the buckling load the web plate. 
DESIGN METHODS BASED POST-BUCKLED BEHAVIOR 
Because tests have shown that plate girders can still sustain loads with 


their webs post-buckled condition, seems natural design girders 
taking the post-buckling behaviour into account. This even necessary 
the safety factor against buckling reduced less than unity. The first 
theoretical studies this respect have been made Bergman(18) who 
showed that the maximum deflection square plate subjected shear was 
much smaller when the panel was stiffened rigid frame than when the 
flanges were free deflect. Many tentatives have also been issued apply 
the incomplete diagonal tension field theory developed Wagner, Kuhn and 
others the case airplanes. 

has been said that correct analysis could made the post- 
buckling behaviour, satisfactory design method can obtained. would 
then suffice choose definite safety factor based the plastic deforma- 
tions the web the crest buckling wave. Such technique has been 
has been shown that the test beams the writer did not follow the Wagner- 

Kuhn theory. Moreover, the usual case stiffened web, the behaviour 
the web the post-buckling range extremely complicated and little 
known about it. the basis our present state knowledge, large errors 
can made using such method. Therefore, the writer believes that 
safer continue adhering the usual design considerations based the 
service condition, The latter especially true one considers 
the large possibilities that still exist increasing the stability webs 
using closed section flanges and stiffeners. This will shown suc- 
ceeding section. 


FUTURE DEVELOPMENTS 


Tests have shown that the collapse girder arises always local buck- 
ling the compression flange, coupled with large buckling deformations 
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the corresponding web panel. This indicates that one the means increas- 
ing the collapse strength plate girder should increase the intrinsic 
stability the compression flange. The same conclusion was recently 
reached Rockey from slightly different point view. matter 
fact, girders with tubular flanges satisfying the above requirement were pro- 
posed some years ago Germany Dornen.(20) The flanges were 
formed welding large angle (Fig. 19a) semi-circular profile (Fig. 
19b) the usual flat flange. However, Dornen did not emphasize the increase 
the stability the flange. Instead, saw the main advantage reducing 
the height the web and encastering the edges the web the flanges. 
proposed also use tubular stiffeners made angles shown Fig. 20. 
Another German engineer, Bornscheuer, had previously shown that 
such stiffeners were greatly superior the usual ones owing their very 
high torsional rigidity. (21) Dornen’s and Bornscheuer’s proposals have been 


used large scale the design one the latest bridges over the 
Rhine. (22 

The writer convinced the great possibilities this new type plate 
girder. However, the theoretical basis for the design the corresponding 
web plates and stiffeners lacking present. For example, the corres- 
ponding values the buckling coefficient and the optimum rigidity the 
stiffeners are not known. fill this gap, the writer has developed the theory 
buckling rectangular plates built-in along their edges and reinforced 
stiffeners presenting high torsional rigidity. The theory, based the en- 
ergy method Rayleigh-Timoshenko has already been published(23) but the 
lengthy numerical calculations have not yet been completed. Calculations 
are being made for plates subjected compression, bending, shear com- 
binations these loadings and reinforced one horizontal stiffener placed 
feners. The calculations are being made the IBM 650 Ordinator installed 
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the University Liege and will published soon. They include about 200 
values and values, deduced from determinantal equations. 
The large number values calculated arises partly from the fact that 
two parameters are necessary define the new type stiffeners; namely 
their relative bending rigidity and their relative torsional rigidity, The 
calculations are being made for values 0.586 and 0.786, which cor- 
respond the two types stiffeners indicated Fig. 21. 

may some interest that, the theory just referred the trans- 
verse deflection the plate, represented the double series 


where and are the theoretically possible deflection functions bar 


that buckled condition and built-in its two ends. These functions 
obey the following orthogonality 


and seem therefore more advantageous than the vibration eigen- 
functions usually adopted. 

Calculations are being planned also for web plates horizontally stiffened 
and built-in the flanges but having conventional open-section stiffeners. 
They are being planned for studying the effect encastering the longitudinal 
edges the value the rigidity the stiffeners. matter fact, 
some doubts have been raised the past concerning the accuracy the 
theoretical values reported Timoshenko and others. For example, 
Rockey(24) has reported experimentally obtained value 193, for the 
case longitudinal stiffener placed b/5, instead the theoretical value 
129 obtained Dubas.(25) The writer believes that such discrepan- 
cies are, least partly, consequence differences boundary conditions, 
and that improved theoretical results may obtained interpolating be- 
tween the theoretical values obtained for simply supported plate and 
for plate with longitudinal edges built-in. 

Finally, the case web plates possessing large number stiffeners 
more) need investigated. Such webs have been frequently used 
recent bridges, and not considered possible develop theoretical calcu- 
lations for every possible pattern stiffeners. the case where the stif- 
feners are identical and equidistant, the stiffened plate may replaced ap- 
proximately orthotropic plate, whose stability has been already 
investigated Kromm. The possibility local buckling between the stif- 
feners must evidently investigated separately. calculations 
should extended the case orthotropic plates with tubular stiffeners. 


CONC LUSIONS 


The slenderness ratios webs need not restricted values low 
170. The latter value can increased considerably provided that adequate 
provisions are made design stiffening the web with suitable stiffeners. 
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The stiffeners can dimensioned realize efficiencies the steel com- 
parable those that are reported for rolled steel profiles. 

The design rules paper are based factors safety that should 
insure the safety webs against local buckling for loads about 1.15 
1.35 times the service loads. They should also insure that the corresponding 
stiffeners will remain practically straight loads that are approximately 
equal the collapse loads the girders. The resulting factors safety 
against collapse, although somewhat indefinite, should lie between and 
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NEW ASPECTS CONCERNING INELASTIC INSTABILITY 
STEEL STRUCTURES 


FOREWORD 


This paper basis for oral presentation the Joint ASCE-IABSE 
Meeting the New York Convention, October 1958. All Joint Meeting papers 


published Proceedings Civil Engineering will reprinted one vol- 
ume. 


SYNOPSIS 


Plastic design procedures necessitated reconsideration the problem 
inelastic instability steel structures. Theories developed for members 
continuously strain-hardening materials cannot applied indiscriminately 
structural steel sections since this material exhibits extended yield level 
constant stress befcre the onset strain-hardening. Besides, residual 
stresses introduced roiling and fabrication procedures have marked in- 
fluence the buckling strengih. 

Recent developments the field column and plate buckling will dis- 
cussed with respect the previously mentioned effects. The column-buckling 
problem has been solved for the entire elastic and inelastic range. For plates, 
solution for the beginning strain-hardening has been derived using the 
theory orthotropic plates with appropriate moduli developed from theo- 
retical and experimental considerations. 

After mentioning the shortcomings the linear buckling theory some 
cases plate and shell buckling, indicated that this theory unable 
predict the static strength plate girders. 


Note.—Discussion open until July 1960. Separate Discussions should submitted 
for the individual papers this symposium. extend the closing date one month, 
written request must filed with the Executive Secretary, ASCE. This paper part 
the copyrighted Journal the Structural Division, Proceedings the American So- 
ciety Civil Engineers, Vol. 86, No. January, 1960. 


Research Prof., Civ. Engrg., Lehigh Univ., Bethlehem, Pa. 
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INTRODUCTION 


Intensive theoretical and experimental studies have been pursued recent 
years replace the time honored “allowable stress design” methods 
based the carrying capacity steel structures. should mentioned that 
the carrying capacity not the only criterion which the usefulness 
structure measured. However, certainly the most important one lead- 
ing definite margin safety against overloads. 

The types failure associated with the ultimate load ofa steel structure 
can arranged essentially four categories: (1) Instability; (2) brittle frac- 
ture; (3) fatigue; and (4) ductile fracture. 

these four modes, instability probably the most common cause 
failure. Collapse may occur due overall instability may triggered 
buckling some local element. proper recognition instability failures 
especially important regarding the applicability plastic design methods. 
These methods postulate that the strength structure exhausted suf- 
ficient number plastic hinges have developed forma mechanism. This 
implies two conditions met, namely, instability failure prior the 
formation the mechanism, and increase strength due strain- 
hardening material. regions plastic hinges large strains occur. 
They lead considerable drop the bending and torsional rigidities the 
affected cross sections. However, selecting appropriate geometrical di- 
mensions instability prior the development mechanism can avoided. 
the other hand, for structures practical dimensions, almost becomes 
impossible delay instability beyond this point. Hence Plastic Design 
Methods can neglect strain-hardening effects because they can not realized 
due instability. 

the following, results recent investigations the inelastic instability 
steel members will reported. survey the literature buckling 
would indicate that yielding constitutes the upper limit which structural steel 
members can reach. However, will shown that for definite geometric 
proportions this limit can exceeded. Furthermore, practically informa- 
tion can found concerning the influence residual stresses buckling. 


Definite theoretical and experimental answers these important problems 
have been developed. 


INFLUENCE RESIDUAL STRESSES COLUMN BUCKLING 


The interpretation results from buckling tests steel columns with 
slenderness ratics smaller than 120 has always presented some problems due 
the considerable scatter these results. More less convincing justifi- 
cations have been proposed explain this scatter such accidental end ec- 
centricities, initial crookedness the specimens, variations the stress- 
strain properties the material, etc. 

If, however, consideration given residual stresses present rolled 
and welded steel members, can shown that the scatter caused the 
difference magnitude and distribution the residual stresses. This situa- 
tion can readily explained using simple column model made from struc- 
tural steel. Fig. shows typical stress-strain curve steel coupon (A7 
Steel) tension compression. Two “familiar” points seem missing, 
one being the proportional limit the other one the upper yield point. The 
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FIG. 1.—STRESS-STRAIN CURVE FROM COUPON STRUCTURAL 
STEEL (ASTM-A7) 
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FIG, 2.—MODEL COLUMN WITH RESIDUAL STRESSES 
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latter entirely dependent the straining speed under which the test 
performed and disappears under static loading conditions (zero strain rate). 
The former practically indistinguishable from the yield stress the coupon 
does not contain residual stresses not loaded accidentally with ec- 
centricity.2 The yield stress the strain the onset strain- 
hardening and the corresponding modulus may vary somewhat from the 
average values shown the figure. 

The column model, Fig. consists three parts interconnected such 
way that they act integrally. The material each part follows the stress- 
strain curve Fig. appropriate procedure state stress was 
built into the model indicated the figure, stressing parts (1) and (3) 
half the yield stress compression and part (2) half the yield stress 
tension. The entire model including the three parts and the two end blocks 
equilibrium without external forces such that the imposed stresses con- 
stitute residual stress system. 

compression test the model specimen will furnish the following aver- 
age stress-strain curve. Initially the sum the residual and loading stresses 
will remain within the elastic range. However, for 


where the cross-sectional area, the sum the residual and loading 
stresses parts (1) and (3) equals the yield stress compression, 
illustrated Fig. the load further increased these parts will yield 
under constant stress such that the elastic part (2) must absorb this entire 
increase load. Full yielding the specimen reached when the yield 
stress part (2) also developed 


(2) 


average stress-strain diagram for the entire column stub will reflect 
this situation follows (Fig. 4): The proportional limit corresponding 
Eq. will reached for 


Thereafter the strain will increase twice the elastic rate. Full yielding de- 
velops for strain the latter being the yield strainof the material. 
Fig. also shows the tangent modulus, corresponding such stress- 


strain curve. the proportional limit, sudden change takes 
place. 


Considering now buckling the model column, the critical load within 
the elastic range given the Euler formula: 


2EI 


Bibliographical note. 
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FIG, 3.—SUPERPOSITION RESIDUAL 
AND LOADING STRESSES 


4.—AVERAGE STRESS-STRAIN CURVE FOR 
MODEL COLUMN; CORRESPONDING 
TANGENT MODULUS 
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residual stresses would present, this equation would valid 
the yield stress. However, for the assumed conditions, parts (1) and (3) 
the model will start yield when the proportional limit 
This turn will lead sudden drop the bending stiffness. 


Following the “Tangent Modulus Concept,” assumes that strain- 
reversal takes only part (2) provides bending resistance indicated 
Fig. once the proportional limit exceeded. The reduced resistances 
with respect the x-x and y-y axes are:4 


the above equations and are the moments inertia the cross 
section, h), with respect the x-x and y-y axes. The parameter, 


the ratio between the tangent modulus and the modulus elasticity 
the former being obtained from the average stress-strain diagram the en- 
tire specimen, containing the residual stresses given Fig. Experi- 
mentally this curve can obtained compressing stub column sufficiently 
long such that contains the full residual stresses within the length ob- 
servation, but short enough, such that buckling will not occur. should 
emphasized that not the tangent modulus obtained from measurements 
coupon the material. The latter would exhibit perfect elasticity ac- 
cording Fig. the yield stress. 

From the above considerations follows that the critical load beyond 
the proportional limit can obtained replacing Eq. with the re- 
duced stiffnesses Eq. Hence for buckling about the x-x axis 


These results are plotted Fig. such form that they are inde- 
pendent the yield stress level This was accomplished dividing the 


critical stress the yield stress and plotting abscissa the 
slenderness parameter The latter defined as: 


Ref. (2) discusses thoroughly the tangent and reduced modulus concept relation 
the maximum column load. 


troduced subsequently used reduced modulus concept applied. 
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FIG. 5.—EFFECTIVE CROSS SECTIONS MODEL COLUMN AFTER 
INITIATION YIELDING 


Tan.Mod. 
Red.Mod. 


FIG. 6.—COLUMN CURVES FOR MODEL COLUMN 
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E/oy 
The denominator Eq. ideal slenderness ratio corresponding the 
=z = 


For discussing the behavior the present model such nondimensional 
representation quite unnecessary. But absolutely required for prop- 
comparison test results obtained structural steel columns since the 
actual yield stress different columns can vary considerably. 

Inspection Fig. shows that for 0.5 and V2, unique 
elastic solution exists. 0.5 sudden reduction the slenderness 
parameter takes place. Furthermore, this reduction depends the axis 
about which buckling takes place. From Fig. can easily seen that 
yielding parts (1) and (3) will lead much greater drop stiffness for 
buckling about the y-y than the x-x axis. Upon reaching the yield stress, 
further abrupt reduction occurs leading again single solu- 
tion. This possibility column carry stress beyond the yield stress, 
indicated Fig. will discussed the following section. 

The dashed curves shown the same Fig. were derived using the 
duced modulus theory.” Following the assumption that change load takes 
place, the location the bending axis a-a indicated Fig. fixed. The 
bending stiffness for buckling about x-x y-y provided the cross 
hatched areas leading to: 


(11) 
respectively. Accordingly, the critical stresses are 


which are plotted Fig. dashed curves. Whereas the tangent modulus 
curves indicate the situation which bending will commence, the reduced 
modulus upper limits for the maximum load. Methods for pre- 
dicting this maximum load lying between these two curves have been devel- 
oped (2). should emphasized, this point, that residual stresses can 
create situation where the maximum column load may appreciably great- 
than the tangent modulus load. 

Having discussed principle the influence residual stresses the 
buckling load very simplified model, generalization can readily 
made. continuously varying residual stress distribution introduced in- 
stead the discontinuous one Fig. steady transition curves between 


the elastic buckling curve and the yield stress can obtained. The general 
conclusions drawn are: 
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Residual stresses lower the buckling load steel columns the in- 
elastic range. 

The reduction depends not only the magnitude but also the distri- 
bution these stresses. 

The reduction can related the average stress-strain curve obtained 
from compression test short column containing the residual stresses. 

Residual stresses can lead considerable difference between the 
tangent and reduced modulus load such that the maximum load may appre- 
ciably higher than the tangent modulus load. 


extensive study the influence residual stresses the buckling 
strength steel columns has been under way for the last seven years. 
typical residual stress pattern measured section the “as 
rolled” condition shown Fig. (3). interest, are the compressive 
stresses about ksi the flange tips. compressive loading applied, 
the combined residual and loading stresses will initiate yielding the flange 
tips. illustrated Fig. this will result greater reduction the 
bending rigidity with respect the y-y (weak) axis than the x-x (strong) axis. 
Fig. compares tests as-rolled columns buckling about their 
strong and weak axes with predictions based residual stress measure- 
ments (3), addition the results two tests annealed columns are 
shown. Since annealing eliminates nearly all residual stresses, columns 
should show greater strength the inelastic range. This definitely borne 
out the tests. historical interest the fact that consideration resi- 
dual stresses resolves the difference between Tetmaier proposing straight 
line and Engesser parabola transition curves between elastic buckling 
and They approximated weak and strong axis buckling WF- 
columns respectively. 

Without going into further details summary graph some tests 
I-shaped columns shown Fig. (3), (4), (5). The great scatter all 
these results would almost frightening could not explained 
necessary consequence the difference residual stresses within these 
members. Discussion these results and comparison with theoretical pre- 
dictions may found the above mentioned references. However, the list- 
ing the reduction the carrying capacity the different members for the 
slenderness parameter is, slenderness ratio for 


Riveted I-sections 0.85 
As-rolled shapes 0.75 
Welded I-sections 0.60 


This reduction proportional the increase the compressive residual 
stress between the different columns. 


BUCKLING COMPRESSION ELEMENTS BEYOND YIELDING 


Having discussed the influence residual stresses the transition from 
elastic buckling the yield stress, the question arises whether 


See for instance: Timoshenko, “Theory Elastic Stability,” McGraw-Hill, 1936, 
157 and 171. 
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7.—MEASURED AXIAL RESIDUAL STRESSES “AS-ROLLED” 
8WF31 SECTION 
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FIG. 8.—EFFECTIVE CROSS SECTION 
SECTION AFTER INITIATION 
YIELDING 
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FIG. 9.—BUCKLING TESTS 8WF31 COLUMNS 
COMPARED WITH THEORETICAL PRE- 
DICTIONS LEGEND: SEE FIG. 


FIG. BUCKLING TESTS I-SHAPED COLUMNS SHOWING 
SCATTER CAUSED RESIDUAL STRESSES 
LEGEND (1) SHAPE, AS-ROLLED, WEAK AXIS BUCKLING 
LEGEND (2) SHAPE, AS-ROLLED, STRONG AXIS BUCKLING 
LEGEND (3) SHAPE, ANNEALED, WEAK AXIS BUCKLING 
LEGEND (4) RIVETED I-SECTION, WEAK AXIS BUCKLING 
LEGEND (5) WELDED I-SECTION, WEAK AXIS BUCKLING 
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compression elements can reach stress above yielding without buckling. 
Such problems are considerable interest with respect plastic design 
methods, for reasons mentioned the introduction. The classical theories 
imply that yielding cannot exceeded. However, experience shows that small 
and sturdy compression coupons can strained beyond yielding without 
buckling. the following ashort summary results obtained columns and 
plates given. 

Column Buckling the Strain-Hardening typical 
stress-strain curve, Fig. suggests that steel specimens deform homo- 
geneously under the yield stress. However, observation the actual behavior 
shows that yielding occurs extremely thin layers forming successively 
along the length the specimen. These slip bands are oriented along the 
planes maximum shear stress. The local strain across band increases 
instantaneously from Yielding commences weak spot (inclu- 
sion, stress concentration, etc.) and spreads from this point over the entire 
length the specimen. can therefore concluded that during yielding part 
the material still elastic whereas other regions have reached the strain- 
hardening range. Only after complete yielding has taken place throughout the 
entire length the specimen the material properties become homo- 
geneous again. 

Considering now compressed column with residual stresses and 
sufficiently small slenderness ratio, yielding may initiate the center and 
spread uniformly toward the two ends illustrated Fig. 11(a). the two 
end sections the bending stiffness equal the elastic stiffness where- 
the middle section, yielding reduces the stiffness 
being the tangent modulus the onset strain-hardening. Hence, the prob- 
lem reduces the solution buckling column with reduced bending 
stiffness over the middle portion. buckling occurs during yielding the 
buckling stress equal the yield stress. The interesting relationship 
observe that between the average axial strain which buckling occurs 
and the slenderness ratio Fig. 12, which taken from Ref. (6), this 
average strain divided the yield strain plotted for two cases, 
namely, (a) yielding spreading symmetrically from the middle and (b) yield- 
ing commencing from both ends (cases (a) and (b) Fig. respectively). 
Also plotted are test results obtained small columns with round and square 
cross sections varying between 1/2 in. and in. diameter. Most the re- 
sults fall within the area contained between curves (a) and (b), hence sub- 
stantiating the reasoning presented above. The scatter should expected 
initiation yielding occurs random points, spreading from some imper- 
fection anywhere along the specimen. Nevertheless, evident that for the 
range between yielding and strain-hardening, decrease the slenderness 
ratio will lead increase the critical strain 

For sufficiently small slenderness ratios the column will reach strain- 
hardening prior buckling. This ratio can determined substituting 
and for and respectively, the elastic buckling equation Eq. (4b). 
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FIG, YIELDED COLUMN, YIELDING SPREADING FROM 
MIDDLE AND (b) BOTH ENDS 


FIG, AXIAL STRAIN COLUMNS FAILURE COMPARED WITH 
PREDICTIONS; (a) YIELDING FROM MIDDLE, (b) YIELDING FROM ENDS 
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Fig. shows results some tests specimens with rectangular cross 
sections 1/2 in. 3/4 in. (6). The maximum stress starts exceed the yield 
stress for smaller than 20. The test points are located between the two 
theoretical curves based the (a) tangent (no strain reversal) and (b) re- 
duced (full strain reversal) modulus concepts respectively. 

consequence follows that compression elements can exceed the yield 
stress without buckling. The the geometric proportions for which 
this possible great importance for proper structural detailing, espe- 
cially for designs based plastic methods. 

Plate Buckling the Strain-Hardening Range.—The previous considera- 
tions have been extended the case plate buckling (6), primary in- 
terest the determination such geometric proportions for plate elements 
that large plastic deformations the yield-stress level may occur without 
buckling. Several theories plastic buckling have been presented for con- 
tinuously strain-hardening materials such aluminum alloys. solve the 
problem for structural steel which exhibits pronounced yield level, new 
approach was found necessary. Whereas the elastic range steel be- 
haves isotropic material, yielding produces orthotropic properties. In- 
stead starting from general theory plasticity, expressions for the 
plate buckling stresses based orthotropic behavior were derived. The ad- 
vantage this approach clearly indicate the influence the various 


factors that are involved. 


illustration, the solution simple but typical problem de- 
scribed. The flanges equal leg angle, Fig. (1), can considered 
plates simply supported along the heel and free along the tips. Assuming the 
width thickness ratio b/t the flange. sufficiently small such that 
possible compress the angle axially the point strain-hardening, 


then and and the governing differential equation for buck- 
ling 


where the orthotropic moduli are: 


For the case under investigation the solution this equation is: 


the specimen long compared the flange width b), the first 
term the parenthesis becomes negligible such that 


The only modulus entering Eq. G;, the tangent modulus shear the 
point strain-hardening axially compressed specimen. Its value has 
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14.—BUCKLING PLATE ELEMENTS; (1) 
ANGLE COMPRESSION, (2) I-SECTION 
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been determined experimentally axially compressing thin-walled tube 
the strain and then applying twist (6). The results are plotted 
Fig. and compared with predictions based incremental stress-strain 
relationship. The two tests showed that the initial shearing modulus prac- 
tically equal the elastic shearing modulus. However, small angle twist 
leads considerable drop enters into buckling problem the 
equilibrium the point buckling therefore not just indifferent under 
elastic conditions, but due the rapid drop with increasing twist the 
configuration highly unstable. the presence even slight imperfections 
the initial value can never reached. therefore obvious that prop- 
account must given this situation selecting the different moduli 
governing buckling the point strain-hardening. Refs. (6) and (7) theo- 
retical and experimental evidence presented for the selection the follow- 
ing values for structural steel 


900 ksi 
2,400 ksi 


32,800 ksi 


Introducing the above value into Eq. and setting equal the 
yield stress ksi, the value b/t derived for which buckling will 
occur the onset strain-hardening: 


(20) 


Similar solutions for other cases have been derived and checked appro- 
priate tests angles and WF-shapes compression and bending (6). Fig. 
gives the results for tested compression. should noted that 
angle can strained compression the point strain-hardening, 
Est 14x 10-3, without torsional buckling provided b/t sufficiently small. 

The results all column and plate buckling tests are summarized 
single plot, Fig. 17. This possibly using non-dimensional representa- 
tion. ordinate the ratio buckling yield stress plotted, The 
abscissa equal the ratio the actual slenderness ratio the ideal 
slenderness ratio corresponding the yield stress, or: 


where plate buckling coefficient. 


Such representation has several advantages. First, the elastic range 
single curve for all buckling cases obtained. Assuming maximum resi- 
dual stress equal half the yield stress, the elastic range holds for 
indicated Fig. 17. Secondly, the results are independent the yield 
stress level which makes comparison test results obtained specimens 
with different yield stresses possible. Finally, clearer picture the 
slenderness requirements that the buckling stress structural element 
will exceed the yield stress results. Fig. shows that column goes into 
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—-—Test (2) 


FIG, 15.—SHEARING MODULUS ONSET 
STRAIN-HARDENING SHEARING STRAIN 


FIG. BUCKLING COMPRESSED 
ANGLES WIDTH/THICKNESS RATIO, TESTS 
AND THEORY 
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Theory Test 
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FIG. GRAPH INELASTIC BUCKLING COL- 
UMNS AND PLATES WITH TEST RESULTS 
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strain-hardening for 0.17, corresponding ¥900730,000 0.173. 
For long plate with one simply supported and one free edge, 0.46 
0.456. The value 0.58 for long plate with two 
simply supported edges, does not correspond single modular ratio for the 
reason that depends all three stiffness entering Eq. 17. 

The transition curves between elastic buckling and full yielding depend 
the magnitude and distribution the residual stresses has been discussed 
previously for the case WF-columns. For the column curve (a) sufficient 
evidence exists that residual stresses will lead such transition curve 
the average (3), (4). Curves (b) and (c) for plates present reasonable inter- 
polations the absence test results this particular region. 

Plotted thesame are test results relevant the onset strain- 
hardening (6). They are substantial agreement with the theoretical pre- 
dictions. should mentioned that the rules concerning minimum thickness 
compression elements plastically designed structures (12) are based 
these results. 


EXTENSION OTHER STABILITY PROBLEMS 


Considerable work, both analytical and experimental, has been completed 
the influence residual stresses the carrying capacity eccentrically 
loaded WF-columns (8), their influence the lateral- 
torsional buckling beam-columns loaded eccentrically the strong 
plane has been recently studied theoretically (10). 

important problem plastically designed structures the lateral sup- 
port beams, especially the region possible plastic hinges. order 
maintain the full plastic bending resistance the beam through the required 
hinge rotation, necessary prevent the beam from buckling laterally. 
Solutions for WF-beams subjected different end moments and being strain- 
hardened over part their length have been worked out. The problem was 
formulated means finite differences and the resulting determinants were 
solved using digital computer (11). The results, greatly simplified form, 
have found their application the design rule for lateral bracing plastical- 
designed structures (12). 

The elastic buckling strength longitudinally and transversely stiffened 
steel panels, used for example ship construction, has been investigated ex- 
tensively. However, information has been lacking concerning their inelastic 
strength and especially the geometric proportions required such that buckling 
will not occur prior the onset strain-hardening. analytical study into 
these problems has been recently completed (13). delaying instability until 
the beginning strain-hardening, full utilization the material the 
yield stress realized. Furthermore, sufficiently large plastic deformations 
can occur such that the structure able redistribute the internal forces 
under extreme loading conditions. The inherent difficulties concerning in- 
elastic buckling affected residual stresses are avoided, for the latter 
are practically wiped out the point strain-hardening. Finally, can 
expected that the welding distortions panels can better controlled they 
are able undergo plastic straining without buckling. 
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SHORTCOMINGS THE LINEAR BUCKLING THEORY 


All previous problems were treated the basis the linear buckling 
theory. This theory determines essentially the load which bifurcation the 
equilibrium takes place, for example, the load centrally loaded column 
under which starts deflect laterally. Mathematically, the treatment leads 
“Eigenvalue” problem. However, the linear buckling theory does not 
give any indication about the behavior beyond this point. 

Considerable fundamental research, done primarily the field aero- 
nautical engineering, shows that the linear theory underestimates, general, 
the carrying capacity compressed plate elements but overestimates the 
resistance shell structures considerably (see Ref. (14) for summary 
presentation). The situation illustrated schematically Fig. 18. Accord- 
ing the linear buckling theory perfect may column, 
lateral deflection possible. Undera stress the specimen 
along line A-A starting from point and being repre- 
sentative thickness the specimen. However, large deflection theory shows 
that only column will follow line A-A provided remains elastic. the 
other hand flat plate under appropriate support conditions will exhibit 
postbuckling strength according tocurve B-B. Contrarily cylinder will show 
immediate drop its resistance along curve C-C. any initial imperfec- 
tion present, the bifurcation point =0) completely 
loses its significance except upper limit for the carrying capacity ofa 
column. therefore obvious that only the large deflection theory can ade- 
quately describe the behavior and strength plate and shell elements. How- 
ever, its application presents two main obstacles. First, this theory leads 
generally involved mathematical problems, the solution which can only 
justified exceptional cases, certainly not fora routine design. more 
serious problem arises because the dimensions ordinary steel structures 
are such that inelastic behavior takes place. Under these circumstances the 
application the large deflection theory plate and shell problems becomes 
practically impossible. felt that for such cases thedevelopment upper 
and lower bound techniques” may prove useful approaching the true carrying 
capacity from above and 

Finally, the static behavior plate girders singled out demonstrate 
that under certain conditions rearrangement the internal forces can lead 
much higher strength than predicted the linear buckling theory. Under 
present specifications such AASHO, AISC, AREA, German DIN 4114, etc., 
the provisions against buckling the web govern essentially the design. The 
new British Standards recognize some degree the web’s own postbuckling 
strength. Recently comprehensive investigation has been initiated Fritz 
Engineering Laboratory, Lehigh University, with the objective determine 
the static load carrying capacity welded plate girders (15). Systematic 
tests have already been completed showing conclusively that the linear buck- 
ling theory unable predict the strength such members (16), (17). 
fifteen ultimate load tests seven full-size girders the observed loads ex- 
ceeded the computed critical loads anywhere from 15% 800%. 


“Upper and lower bound theorems” used plastic analysis not apply stability 


problems. They are based the assumption that equilibrium formulated the un- 
deformed structure. 
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From these tests, became evident that the web should not considered 
isolated element the designof such members. Due the presence the 
flanges and vertical stiffeners framing the web gradual rearrangement 
the stress pattern predicted the beam theory more favorable one takes 
place. This transfer stresses the important and governing contribution 
the postbuckling strength plate girders. analytical study taking into 
account the actual behavior plate girders under way with the objective 
predict their static strength. 


SUMMARY 


Recent developments connected with studies the static carrying capacity 
structural steel members have necessitated the introduction new aspects 
into the classical buckling theory. some instances was found that the 
theory was completely inadequate describe the strength and new approach 
became necessary. this paper survey this situation has been presented 
describing specifically the following findings: 


Residual stresses govern the transition curve between elastic buckling 
and yielding steel columns. Their influence has been studied analytically 
and confirmed tests. 

Contrary accepted opinion, properly proportioned steel compression 
elements, such columns and plates, can compressed the point 
strain-hardening without premature buckling. The corresponding slenderness 
ratios have been computed analytically and checked appropriate tests. 

Extending the above findings, the influence residual stresses the 
strength eccentrically loaded columns and the lateral torsional buckling 
WF-beams loaded the strong plane have been studied. further application 
was made deriving the geometric proportions longitudinally and trans- 
versely stiffened panels, for example, ship plating, such that buckling will not 
occur prior the point strain-hardening. The possible advantages such 
design criterion were pointed out. 

After indicating the inadequacy the linear buckling theory describ- 
ing the strength shells and the postbuckling behavior plates, the problem 
the carrying capacity plate girders was singled out. recently started 
investigation indicates that the strength such members cannot related 
the critical web buckling stress the linear buckling theory. the pres- 
ence flanges and vertical stiffeners framing the web rearrangement the 
internal forces can take place leading considerable postbuckling strength. 
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NUMERICAL SOLUTIONS FOR INTERCONNECTED BRIDGE 
Closure Henry Malter 


HENRY ASCE.—The writer wishes thank Mr. Reddy for 
his interesting discussion. particular interest were the curves indicated 
Fig. the results obtained employing the methods Hendry-Jaeger 
compared with the finite difference approximations obtained the author. 
The good agreement shown the totally different methods was interesting 
and gratifying. 

The methods Hendry-Jaeger are based series analysis, and might 
interest compare the results straight forward series approach 
with that the approximate method. Mr. Hetenyi discusses the series solu- 
tion the problem concentrated load resting beam with simple sup- 
ports the ends, and supported along its length elastic foundation. 


For this problem derives the following formula (page 76, “Beams Elas- 
tic Foundations”): 


sin sin 
The above may compared with the formula for deflection employed the 
derivation Eq. the original article. 


Substituting values for and changing 1/2 this equation will become 
(For the load the center the beam) 


This will recognized the first term the series solution derived 
Mr. Hetenyi, with being substituted for 74. 

The description Mr. Reddy the various conditions torsional rigidity 
that may encountered are essentially correct. However, felt that 
the condition heavy end diaphragm concrete beam box girder type 


construction, the case infinite torsional rigidity with rotation might 
encountered. 


October, 1958, Henry Malter. 
Prof. Av. Eng., Univ. Illinois, Urbana, 
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regards the spacing the diaphragms whether the quarter the 
sixth points questionable whether one would more “accurate” than 
the other approximating distributed slab. The quarter point spacing 
reality results five diaphragms being employed the two end ones having 
effect the calculations inasmuch deflections ocqur the supports. 
Also, using the quarter point diaphragms simplifies the calculations. 
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BLAST LOADING 


MURPHY,! ASCE.—On Proc. Paper 1837, please add 
number 1836 the end reference No. 

Also, seems necessary clarify technical point raised personal 
letter the author and concerning the paragraph “Underground Box- Like 
Structure” statements that such structure “the blast front will moving 
downward some angle, simplified treating vertical. Assuming 
shallow burial and that the covering soil has been compacted mechanically 
time, the roof loading becomes simply the blast wave overpressure, 
Fig. 

The technical point raised that, within this region regular reflection, 
there would present not only the overpressure, but dynamic pressure 
well. The point raised good one. 

practice, pressure measurements for the usual published overpressure 
versus distance tables curves are taken gages whose face plates are 
flush with the ground surface. These pressures, therefore, include overpres- 
sures due both the incident and reflected shock waves (these occur together 
the ground surface) and any vertical component the dynamic pressure. 
Thus, selecting appropriate overpressure value from overpressure vs. 
distance tables curves(1,2) would both care for the technical point raised 
and provide the simplified roof loading contemplated the paper. 


Comdr., Civil Engineer Corps, U.S.N.R., Director, Structures Program, Weapons 
Effects Tests Group, Field Command, Defense Atomic Support Agency, Sandia Base, 
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THE SOLUTION RIGID FRAMES THE COLUMN 


Closure Thomas Fok and Tung 


THOMAS FOK,! ASCE and TUNG ASCE.—Mr. Sherman 
points out the well-known fact that the column analogy simply extension 
the method first used Mueller-Breslau, commonly known the method 
elastic center. However, since the concept the rigid arm, which es- 
sential the derivation the method the elastic center, not used the 
column analogy, the authors deliberately avoided the use the rigid arm 
their paper. While such approach may lead lengthier derivation, 
more consistent with the original concept column Contrary 
the opinion Mr. Sherman, believed that the physical meaning the 
column analogy, whether itis applied symmetrical unsymmetrical cases, 
can best illustrated without resorting relating the method elas- 
tic center. 

The paper presents only formal proof certain aspects the column 
analogy, which has been widely used since its introduction Hardy Cross, 
years ago. The authors can neither take the credit nor the blame for the ad- 
vantage the disadvantage the method comparison with the method 
“ellipse elasticity” suggested Polivka, with any other method. 
While Polivka’s comments are interesting, they cover areas entirely be- 
yond the scope the paper. 


conclusion, the authors thank the discussers for their contributions 
the discussion the paper. 


January 1959, Thomas Fok and Tung Au. 
Assoc, Prof, Eng., Youngstown University, Youngstown, Ohio, 
Assoc. Prof, Civil Eng., Carnegie Institute Technology, Pittsburgh, Pa. 
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MATRIX SOLUTION BEAMS WITH VARIABLE 
MOMENTS 


Discussion Ray Clough and Steven Fenves 


ASCE.—The author has presented interesting dis- 
cussion the application matrix algebra procedures the analysis mo- 
ments and deflections simply supported beams. However, the opinion 
the writer, has not exploited the advantages matrix procedures the 
fullest, even this very simple example. Moreover, developing special 
procedure analysis for case such restricted applicability seems 
doubtful value, especially when perfectly general matrix procedures are 
available which can utilized handle any type structure, and which 
when applied this specific case result equally simple solution with 
greater accuracy. 

Possibly the first point contention discussed this paper the 
philosophical concept applying finite difference solution structural 
analysis problem. general, finite difference analyses find their best appli- 
cations the solutions continuous systems which the physical quantities 
vary smoothly. the other hand, structures nature tend segmented 
systems, i.e., assemblages structural elements. For such systems, the 
solution proceeds more naturally from the establishment specific nodal 
points, and the use influence coefficients, rather than from finite difference 
approximations differential equations. 

The matrix case point. noted the author, this matrix 
the influence coefficient matrix for moments the simple beam. such 
easier, and more natural, calculate this matrix from the definition 
moment influence coefficient, i.e., applying unit load successively each 
nodal point and the resulting moments each point. The general 
equation, Eq. 12, can easily developed this manner, without performing 
any matrix inversion. should noted, however, that the symmetry this 
matrix consequence the fact that the beam simply supported, and not 
basic property the moment influence coefficient matrix. For other sup- 
port conditions the beam moment influence coefficient matrix not sym- 
metrical (consider, for example, cantilever beam). this regard, the 
writer would interested learn more about “Maxwell’s Reciprocal 
Theorem” which relates moments and loads. 


With reference the use the matrix A], the author has noted that the 
matrix equation, 


[Q] 


October 1959, Ming Pei. 
Civil Engineering, University California, Berkeley, 
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will give exact values for the beam moments when the loading series 
equally spaced concentrated loads. very effective way treat nonuniform 
distributed loads means the relationships developed Newmark, (1) 
which matrix notation can expressed; 


the values the distributed load intensities the same equally spaced 


intervals, and transformation matrix which may have either the 
following two forms. 


For distributed loads varying linearly between nodal points, 


1410 
0000 
0000 
which the spacing between load points. 
For distributed loads represented smooth curves: 


Using the appropriate transformation matrix [N], the moments may 
calculated from the equation 


The results will exact using for any loading varying linearly between 
nodal points, using for any loading represented second-degree 
curve. For any smoothly varying curve, will give good results, even 
when the beam divided into relatively few segments. 

These comments the moment calculations are rather minor 
tance, however. the author’s own words “Eq. the most important 
equation derived this paper,” and the writer believes that the development 
this equation which resulted from finite difference considerations, 
step backward rather than forward the progress structural analysis. 
The matrix formulation the structural theory its most general form was 
described very completely Argyris(2) several years ago. The application 
these general principles beam problems was subsequently discussed 
paper the According these concepts, the analysis deflec- 
tions any statically determinate system may carried out matrix 
operations which (in Argyris’ notation) may written 


[r] 


Numbers parentheses refer similarly numbered references listed the end 
this discussion, 


| 
if 
bie 
4 
| 
2 
x 
| 
Ee 
% 


DISCUSSION 131 


the column nodal point deflections, [b] the force trans- 
formation matrix relating member forces nodal displacements, [f] the 
diagonal matrix the beam element flexibilities, and the column 
applied loads. Comparison indicates that this equation almost identical 
with the author’s Eq. 22. this simple beam, the force transformation 
given the moment influence coefficient matrix [A], and since 
symmetrical the tranposition indicated Eq. unnecessary. The only 
real difference between Eq. and the procedures described Reference 
lies the manner which the beam segment flexibility represented. 
indicates that the author’s beam segment flexibility expressed 
terms the average moment the segment, while Reference (e.g., 
the moments each end the segment. Thus, Eq. assumes stepwise 
variation moment the beam, and can only approximate actual case, 
whereas the procedure Reference will give exact solution for deflec- 
tions the each segment constant, and the load concentrated 
the nodal points. 

demonstrate the simplicity this preferred procedure, the deflections 
calculated Example will recalculated using the flexibility matrix sug- 
gested Reference For the beam Fig. the flexibility matrix may 
written (compare with Eq. Reference 


[410000000 
141000000 


014100000 
000014100 
000001620 
000000282 
000000028 


Substituting this matrix for the author’s Eq. 22, the following defiec- 
tions result 


4248 
8094 
11186 
14230 
14003 
12632 
5317 


These are the exact deflections for this beam, and required only little more 
effect calculate them the approximate deflections given the author. 
will noted that this example, the author’s procedure relatively ac- 
curate, because the large number beam segments which were considered. 
However, using half many segments for the beam example resulted 
errors percent more, whereas the method used above will give exact 
answers for any case which the loads are concentrated and the beam stiff- 
ness uniform within each segment. Moreover, nonuniform segment lengths 
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can used without complicating the procedure. (Note: the flexibility matrix 
[h/EI] has apparently been presented reciprocal form Example 5.) 

believed that this example bears out the writer’s contention that the 
general methods described References and can used give better 
solution this similar simple problems than the special procedures de- 
veloped the author. Moreover, the real power the Argyris matrix 
method that can used without modification for the analysis any 
structure, whether beam, frame, truss, even problems plates and plane 
stress. necessary only establish the flexibility (or stiffness) matrices 
the structural elements, and the force (or displacement) transformation 
matrices. The procedure then follows succession matrix algebra 
operations. There necessity this method restrict the analysis 


systems having equal segment lengths, impose any other restrictions 
uniformity. 
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STEVEN FENVES!.—The author presents interesting approach the 
solution beam problems, using only standard matrix operations. parti- 
cular, the discussion the physical significance the [A] matrix the 
moment influence coefficient matrix noteworthy. However, the writer has 
two objections make. 

The first objection concerns the degree approximation involved the 
author’s method. page five the author states that “when the load function 
cannot represented exactly the load matrix Q,..., the bending mo- 
ments obtained Eq. (11) are only approximate.” similar comment should 
have been made connection with the [Mh/EI] matrix. The 


exact representation only the particular case when the curvature 


gram) single straight line (such author’s Example 3). this 
condition not satisfied for the case single concentrated load, the re- 
are only approximate, evidenced the author’s result c55 
L3/47.06 for the deflection midspan due unit load midspan. 
should emphasized that this error due the violation the above con- 
dition, and not inherent the matrix operations involved. 


exact answer can obtained rewriting the finite difference equa- 
tions (3) and (17) as: 


Instructor Civil Eng., University Illinois, Urbana, Illinois, 
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Where equivalent concentrated panel load the ith panel point. 


equivalent concentrated angle change the ith panel point. 


Concentration formulas for common types loading are given 
Newmark’s paper (author’s reference 8). For the particular case the poly- 
gonal moment diagram due concentrated load, one has 

Applying this expression the author’s computation the influence coef- 

ficient one obtains: 


noted that the above procedure yields the correct values for the 
influence coefficients, regardless the value For example, for 


While the author’s method would give: 


error over 11%. 


Thus, make the method most general, the [Q] and [Mh/EI] matrices 
should premultipiied “concentration matrices” and These 
matrices would the form 


141 
141 
101 
110 


The second objection concerns the applicability the author’s method for 
use digital computer. pointed out above, relatively large values 
would have used order obtain satisfactory accuracy. Thus, ad- 
dition the matrix multiplication subroutine, 200 more locations would 
needed store the [A] and[A]2 matrices. the writer’s opinion that 
program based Newmark’s method can perform the computations much 


more rapidly and efficiently. Such program consists three subroutines, 
follows: 


(I) Subroutine compute equivalent concentrated panel loads angle 
changes the formula: 
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Where equivalent concentration (load angle change) 
distributed function (load M/EI) 
constants depending concentration formula used. 


(II) Subroutine compute trial shears and moments, trial slopes and 
deflections (see Fig. A): 


Where trial shear trial slope 


trial moment trial deflection. 


(III) Subroutine perform linear corrections follows: 


Where true shear slope 
true moment deflection 
trial moment deflection the n’th panel point. 


The program would thus through subroutines (II), and (III) com- 
pute the moments, and using the computed moments and stored values 
reenter the same subroutines (after having changed the values and 
expression compute deflections. The programming expressions 


(d), (e), and (f) very simple, and maximum use made the computer’s 
ability perform iterative computations. 
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ALPHA-GAMMA “HOT” CELLS FOR ENTRY 


Discussion Robert Borg 


ROBERT BORG, ASCE.—Mr. Ruddy congratulated for his 
outline the place the civil engineer the new field nuclear research 
facility design and construction. His description the alpha-gamma “hot” 
cell the Brookhaven National Laboratory Upton, Long Island, New York, 
revealed many similarities between that project and the laboratory built 
for the Nuclear Development Corporation America (NDA) Pawling, New 
York, 1956. 

the same time, number differences between the Nuclear Develop- 
ment Corporation America approach and the Brookhaven National Labora- 
tory approach may interest the profession. 

both cases, Mr. Ruddy points out, the role the civil engineer was 
dominant during the construction stage. Initially, the contractor became use- 
ful the designer locating the buildings. Thus, the reactor room 
“critical facility” building, Fig. which was built the same time the 
“hot” laboratory shielded three sides hills, while its fourth side 
ft. thick solid concrete wall ft. long used. However, order gain 
certain economies, the concrete wall only carried the height the 
adjacent laboratory wing, the above this height being concrete filled 12"' 
concrete block. These block, while not serving absolute safeguards from 
radiation, did reduce the effect stray radiation which might pass through 
the upper half the building. 

Various methods were used for the storage radioactive materials which 
were received the laboratories. These were stored pipes varying 
diameter from 8'. The ft. diameter pipe was sunk vertically solid 
rock the “critical facility” building and excavated earth outside the “hot” 
laboratory building. 

Fig. shows the “hot” laboratory building which had unique storage wall 
(partly obscured the two automobiles the right the illustration.) 
shows closeup this storage wall which the pipes are covered 
with six ft. earth fill radiation shielding. 

The two buildings this installation are 1200 acre site near Pawling, 
New York, sixty miles north New York City. The site contains further 
room for expansion research experiments fissionable material. The 
contractor was called NDA undertake the construction while the plans 
were still the preliminary design stage. 

With 1200 acres choose from, the various choices for the location the 
buildings were narrowed accessibility, swamp, hilliness three and 
finally, single choice. 


Gen. Manager, Kreisler-Borg Construction Co., White Plains, 
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important saving construction costs was made eliminating great 
deal rock blasting for the pits and storage pipes. This was done select- 
ing site location which besides giving the desired orientation 
the hills for their necessary natural shielding, also dropped down sharply 
the shield wall the reactor room the “critical Facility” building. This 
location resulted solid rock being used one element the shielding. 


FIG, FACILITY” BUILDING THE NUCLEAR DEVELOPMENT COR- 
PORATION AMERICA PAWLING, NEW YORK. ARROW POINTS TOA 
FOUR FOOT THICK REINFORCED CONCRETE NUCLEAR SHIELD WALL 
WHICH PREVENTS THE RADIATION FROM INJURING PERSONNEL WHO 
WORK THE LOW AREA THE BUILDING. THE REACTOR ROOM 
THIS BUILDING WHICH THE HIGH PORTION THE REAR SHIELDED 
THREE SIDES HILLS AND THE CONCRETE WALL THE 
RADIATION PARTICLES WHICH ESCAPE THROUGH THE METAL ROOF DECK 
THE REACTOR ROOM AND WHICH MAY DEFLECTED DOWNWARD 
THE IONOSPHERE THE EARTH ARE PREVENTED FROM INJURING 
PERSONNEL THE LOW ROOF THE PONDED ROOF FOUR INCHES 
WATER WHICH WAS PLACED ATOP THE ADJACENT LABORATORIES, 


may interest note that the four foot thick concrete shield the 
“critical facility” building had originally been designed steel frame 
construction enclosed with steel panels which would serve container for 
gravel fill. was thought the time that the abundance gravel fill near 
the site would make this choice the most economical. was later decided, 
however, that the moisture content the gravel would too difficult 
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control. This would naturally affect its mass and shielding properties. The 
wall was then redesigned poured concrete, 3000 psi, day mix, using 
air entrained cement which maximum stone together with 
slump was used. Air entrainment was found have negligible effect the 
concrete’s shielding properties. 

the advice the contractor the blasting rock for the installation 
foundations was kept minimum raising the elevation the entire site 
with gravel fill that the floor grade was approximately ft. above natural 


FIG, LABORATORY BUILDING CONSTRUCTED FOR NUCLEAR DEVELOP- 
MENT CORPORATION AMERICA, THIS BUILDING, SITUATED PAW- 
LING, NEW YORK SHAPED, CONSISTING CONCRETE BLOCK WALLS, 
STEEL BAR JOISTS SUPPORTING GYPSUM PLANK ROOF THE 
UNIT CONTAINS “CAVE WITH 20' CLEAR HEIGHT, AND 
OFFICE, SHOPS, AND DARK ROOM THAT ARE LOCATED WING, 40' 
50* WITH CLEAR HEIGHT. 


grade. bringing only 2800 cu. yds. gravel the saving the blasting 
and construction the foundations were more than offset. 

The “critical facility” consists reactor room ft. with ft. 
clear height. This room has overhead crane. Also contained this build- 
ing was laboratory, office, and shop wing ft. with ft. clear height. 
The walls are and concrete block supporting steel joists with 
separate steel frame for the reactor room. The roof construction consists 
two layers steel deck with insulation and ply built gravel roofing 
which was built ponded with water radiation shield. 
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The “hot” laboratory “L” shaped building concrete block walls, 
steel bar joists supporting gypsum plank roof deck which covered 
over with insulation and five ply built roof. The unit contains 
“cave room” wing ft. with ft. clear height, and offices, shops and 
dark room that are located wing ft. with ft. clear height. 

For the most part normal heavy construction and building construction 
tolerances were sufficient for the project. Mr. Ruddy his paper, has pointed 
the example sleeves through the shielding wall being one item where 
the closeness tolerance required the nuclear physicist may somewhat 
greater than the tolerance normally used the construction industry. 


FIG. WALL THE “HOT” LABORATORY. THIS WALL INCLUDES 

PIPES FROM INCHES DIAMETER WHICH ARE COVERED WITH 
EARTH SIX FEET THICK, THIS SHIELDING HAS BEEN PROVIDED FOR THE 
SAFE STORAGE HOT NUCLEARCOMPONENTS THE “HOT” 
LABORATORY BUILDING. 


the “critical facility” building for NDA the same item sleeves through 
the shielding was considerable amount thought and consideration. 
was finally solved the use diameter pipes capped both ends 
which served rough sleeves for the nuclear research workers place 
their fine sleeves into. all, five different methods shielding were used 
the construction the Pawling, New York facilities. These were: 


Unit Cost 
(a) Natural Shielding the surrounding mountains 


Concrete 3000 psi, air entrained, stone $59.00 per cu. yd. 
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DISCUSSION 
(c) Concrete filled concrete block......... 


(d) Ponded roof deck and ply built 


(e) Storage pipes rock, ft. diameter......... 


Storage pipes and earth with cover, 
diameter 
diameter 
diameter 


1.50 


1.35 
120.00 


8.00 
7.00 
5.50 


141 
per sq. ft. 


per sq. ft. 
per lft. 


per lft. 
per lft. 
per lift. 


The unit cost for the entire “critical facility” building was $16.10 per sq. 
ft. including the reactor room with ft. clear ceiling, shielding, and 
plumbing and electric facilities. The price per cubic foot was $0.57. The 
“hot” laboratory with its ft. high cave room unit cost $10.40 per 
ft. $0.64 per cu. ft. The facilities were both constructed 1956. 

Mr. Ruddy deserves commendation from the profession for bringing 
this additional literature the new field design and construction 


facilities for nuclear research. 
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TORSIONAL ANALYSIS SUSPENSION BRIDGE TOWERS 


Frank Baron,! ASCE and Anthony Arioto,2 ASCE 


SYNOPSIS 
analytical procedure presented for determining the moments, 
shears, and displacements suspension bridge towers that are subject- 
torque about their longitudinal axes. Numerical examples are 


given illustrate the procedure. 


INTRODUCTION 


The design large suspension bridge tower based many consider- 
ations besides those torsion. Among these considerations are the influences 
(1) vertical forces along the longitudinal axis tower, (2) horizontal forces 
that are parallel the longitudinal axis the roadway, and (3) lateral forces 
that are normal the plane described these two axes. item the hori- 
zontal forces the top the tower are associated with the unbalanced hori- 
zontal cable tensions and are considered consist two parts, namely: (a) 
forces that are symmetric with respect the longitudinal axisof the roadway, 
and (b) forces that are anti-symmetric with respect this axis. 

The forces that are grouped item produce torque about the longitudi- 
nal axis the tower. These forces,or torques, can caused traffic loads 
one side the roadway aerodynamic forces which tend twist the 
roadway. The magnitude the torque tower dependent several fac- 
tors. Among these factors are the dead load, live load, width between cables, 


Note.—Discussion open until June Separate Discussions should submitted 
for the individual papers this symposium. extend the closing date one month, 
written request must filed with the Executive Secretary, ASCE. This paper part 
the copyrighted Journal the Structural Division, Proceedings the American So- 
ciety Civil Engineers, Vol. 86, No. January, 1960. 

Engrg., Univ. California, Berkeley, Calif. 

Asst. Civ. Engr., County Santa Clara, Calif. 
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sag span ratio, and the characteristics the towers, stiffening trusses, and 
side spans. The influences these factors the torsional deformations 
suspension bridges are the reports the several Boards Engi- 
neers appointed study the causes failure the first Tacoma Narrows 
Bridge. Not all these factors will discussed herein. Particular attention 
will given the effects torque tower itself. 

studying the torsional deformations bridges for static dynamic 
loads, the torsional rigidities the tower need known. This holds because 
the net torque tower dependent the relative rigidity the tower 
twist about its longitudinal axis and the relative “stiffnesses” the side span 
and center span cables displacements the top the tower. The displace- 
ments the saddles the top the tower are out phase with each other 
and are associated with the angle twist about the longitudinal axis the 
tower. additional factor influencing the net torque tower the hori- 
zontal length cable that firmly attached saddle the saddle goes 
through the angle twist. result the change the horizontal positions 
the side span and center span cables the top saddle, the cables offer 
additional restraint torsional deformations the tower. This restraint 
proportional the angle twist and the ratio the horizontal length 
cable attachment the width between cables. This latter restraint practi- 
cally negligible for most bridges. was the studies the 
Golden Gate Bridge towers. 

For loads item 2b, the torsional rigidity tower can influence the 
resulting deformations the roadway, the stiffening truss, and the bracing 
elements the roadway system. This should obvious for static loads. For 
example; roadway subjected torsional loads, the twist each tower 
will defined the equilibrium position the side span and center span 
cables the top each saddle. For with torsional rigidity, the 
equilibrium position defined the relative stiffnesses (to torsional dis- 
placements) the side center this case, unbalanced 
horizontal cable tension can exist the top each saddle. the other hand, 
tower infinitely stiff torsion, any unbalanced horizontal cable tension 
due torsional loads resisted the the tower fixed position. 
This, course, assumes that the saddles are fixed and that the cables not 
slip. 

The role which tower plays the torsional oscillations suspension 
bridge less obvious. This partly because tower canplay different role 
the various modes vibration. For example, the towers bridge are 
infinitely fundamental torsional mode largely prevented the re- 
sistance the towers twist around their vertical axes. twist the top 
the tower necessary for large out-of-phase motions the cables the 
fundamental mode andis mutually dependent stiffnesses the side spans, 
towers, and center span. The same was made the Board con- 
sisting Amman, von Karran, Hon. Members, ASCE, and 
Woodruff, ASCE. For other torsional oscillations, particularly those the 


Golden Gate Bridge,” report the Chf. Engr. (Joseph Strauss) the 
Board Directors the Golden Gate Bridge and Highway Dist., Calif., September, 
1937, pp. 90-105, 

Report John Carmody Board Othmar Ammann, Theodore 
von Karman, Glen Woodruff, March 28, 1941; pp. 61, 62, 125, See “The Failure 


the Tacoma Narrows Bridge,” reprint original reports, Texas Engineering Ex- 
periment Station, Bulletin No, 78, 1944, 
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higher modes, the side spans and towers will participate with the center span 
different degree than that indicated study the fundamental mode. 
The participation will also differ from that indicated study the vertical 
oscillations only. The following particular interest herein: 


“Observations the Tacoma Narrows Bridge and the models indi- 
cated that under certain the center span, particu- 
larly those the higher modes, the side spans and towers remained 
practically motionless oscillated with different frequency. other 
words, they did not always contribute the dynamic motions the center 
span. This corroborated the calculations Appendix which 
show that inthe higher modes more energy required for 
lations with the tower tops fixed than with side span participation.” 

“It appears that the side spans have greater influence the torsional 
oscillations the center span. The towers, however, offer much great- 
resistance twisting than bending parallel the bridge axis and 


contribute therefore material resistance torsional oscillations 
the bridge.” 


Concerning the effect static torque tower itself, the torque can 
cause deformations and stresses that are associated with the bending moments, 
twisting moments, and shears the legs and struts the tower. The moments 
and shears can modify the proportions and placement the struts and de- 
tails, for example the base tower and the lacing the struts. They 
can also influence the placement horizontal stiffening diaphrams the legs 
tower. reported§ that the three top struts the Golden Gate Bridge 
towers were laced together pairs and that the lacing the web members 
same the analytical procedure that was used determining the 
effects the torque. procedure, the shaft was assumed ef- 
fective circular section equalpolar moment inertia and the torsional 
properties the struts were neglected. Subsequent model studies indicated 
that the cellular shafts were about half effective was thus assumed. The 
procedure led the formation and solution twelve simultaneous equations. 

The damage that can occur tower due the torsional oscillations 
bridge strikingly illustrated the towers the first Tacoma Narrows 
Bridge. Concerning these towers, each Board reporting the damage the 
bridge stressed the great damage that was done the cells, anchorages, splices, 
and top struts the towers result the torsional oscillations and the 
subsequent failure the bridge. reported that the towers were near col- 
lapse when the roadway peeled off the suspenders. For detailed description 
the damage the towers, the reader referred elsewhere.4,7,8 


33. 


“The Golden Gate Bridge,” report the Chf. Engr. (Joseph Strauss) the 


Board Directors the Golden Gate Bridge and Highway Dist., Calif., September, 
1937, 101, 


Reports Paul Carew Board Narrows Bridge Loss Committee; Clifford 
Paine, Hardy Cross, Shortridge Hardesty. 

Kolton Robinson, Wilbur Wilson; June 1941, especially 42-48, Report 
James Davis Board Investigation, Tacoma Narrows Bridge: Sverdrup, 
Francis Donaldson, and Russell Cone; Part February 1941, March 
Part June 26, 1941. Part January 26, 
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the literature shows that much has been written concerning 
the effects forces towers listed items 2a, and 3.3,9,10 The ef- 
fects these forces are general clearly understood. Appreciably less has 
been written concerning the effects torque tower and, apparently, the 
latter effects are less clearly understood. This paper will deal with ana- 
lytical precedure for determining the deformations, shears, and moments 
tower that subjected atorque. The discussion will restricted towers 
with vertical legs and horizontal struts different elevations the legs. 


ANALYSIS FOR TORSIONAL LOADS 


Statical Relationships.—The tower shown Fig. subjected net 
torque, My, about the y-axis. The net torque associated with the unbalanced 
cable tensions the top the tower and with the angle twist, 
relative the base the tower. The tower assumed consist two equal 
assumed that the relationships between the bending moments and flexural 
deformations and the twisting moments and torsional deformations are known 
for each leg and strut, that is; 


for leg, and 


for strut. Eqs. (1) and (2), the angle-changes, and the corresponding 
moments, are about axes designated the subscripts. The values 
and are measures the stiffnesses element unit deformations. 
the succeeding analysis, the effects shearing deformations due transverse 
shears, vz, are neglected and each leg and strut assumed constant 
between adjacent joints defined the intersections the center- 
line the members. 
The following notations will used the analysis the tower: 


width between center lines legs and center lines cables; 

total height tower; 

hjk height between center lines two adjacent struts, and 

height betweencenter lines the first the base the tower; 


Suspension Bridge Tower Cantilever Problem,” Blair Birdsall, Trans- 
actions, ASCE, Vol, 107, 1942, 
“The Golden Gate Bridge,” report the Chf, (Joseph Strauss) the 
Board Directors the Golden Gate Bridge and Highway Dist., Calif., September, 
1937, pp. 93-100. 
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Young’s modulus; 

about axes; 


about axes; 


Ike moments inertias legs ij, jk, and respective- 
ly, about axes; 


ly, about axes; 


along the axis; 


My;sk bending moments the ends struts, and re- 
spectively, about axes; 


Mx;sk twisting moments struts and respectively, 
about axes; 


transverse shears legs ij, jk, and respectively, 
along the axis; 


bending moments ends i,j, and oflegs ij, jk, and 
respectively, about axes; 


about axes; 


net torque about the longitudinal axis the tower; 

slopes with respect tothe and axes, respectively, 
joint 

Azk deflection along the axis joint 

Wy;sk angle twist chord through joints relative 


the base the tower, about the axis 


angle twist horizontal chord the top the 
tower, relative the base, about the y-axis; 


hij 


and €5;jk dimensionless ratios. 


The sign convention that used ior the shears and moments illustrated 
Fig. Positive values the shears and moments the legs and struts are 
defined Fig. The shears are force vectors alongthe z-axis 
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and the moments moment vectors about the and y-axes, respectively. The 
same sign convention used for rotations and displacements except that the 
interchange concept!1,12,13 and geometry 3). 
this concept, rotation angle-change about axis treated force 
along the axis rotation, and displacement along axis treatedas mo- 
ment about the axis displacement. The concept general, provided that the 
angle-changes and rotations are small. this concept, computations 


hrs 


El jx, GJ jp 


FIG, 1.—DIMENSIONS 


“Numerical Methods Analysis Engineering,” edited Grinter, Mac- 
millan Co., Y,, 1949. See Chap. “Successive Corrections—A Pattern Thought,” 
Frank 

“Laterally Loaded Plane Structures and Structures Curved Space,” Frank 
Baron and James Michalos, Transactions, ASCE, Vol. 117, 1952, 279. 

Circuit Analysis Laterally Loaded Continuous Frames,” Frank Baron, 

Proceedings Paper 1147, Journal the Structural Div., ASCE, Vol. 83, January, 1957. 
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JOINTS 


STRUT 


LEGS 


FIG, RELATIONSHIPS 


149 
a 
yi jh 
Ux; jk 
a 
a f 
ane 
4 


150 January, 1960 


geometry can treated the same way computations statics. The 
rotations and displacements treated analogous shears 
and moments. same way, elongation between two adjacent cross- 
sections differential element treated moment about the axis 
elongation, and due moment (or achange treat- 
force along the axis about which the angle-change occurs. The angle- 
changes that are associated with the bending moments and twisting moments 
the legs and struts the tower are illustrated Fig. 


Consider portion the tower shown Fig. Equilibrium this 
portion requires 


Eq. (3) valid for each panel the tower. Equilibrium leg between any 
two adjacent yields that the values the twisting moments, my, 


my; skd 
Gd sk 


hip 


m;; jk 


(a) ANGLE CHANGES, (b) ANGLE CHANGES, 


and the transverse shears, vz, are constant along the leg between the joints. 
Statics also yields, 


and 


for legs and jk, respectively. For strut (Fig. 2), the values the twisting 


moments, m,, and the transverse shears, are constant along the length 
the strut between its adjacent joints. Also, 
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and 


for struts and respectively. 

Now consider anelement the tower shown Fig. The element con- 
sists interior panel (jjkk) and portions the legs the adjacent panels. 
For the element shown, full lengths legs and only stubs legs are 
considerec. The reasons for selecting the analysis will become 


Section 


FIG, TOWER FIG, TOWER 


apparent. Now select the moments and shears sections ij, jk, and the 
legs the element reference moments and shears. Observe that only the 
values and these sections need selected references because 
reference moments and the following equations for moments and shears 


can obtained means statics: 


‘ike 
: 
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and 


Thus, all moments and shears the element shown Fig. can stated 
terms the reference moments and shears; Vz;ij; 
and My. Observe that means Eqs. (1) and Law), all bending 
and twisting deformations the element can also stated terms the 
same reference moments and shears, and My. For example, 


and 
Zz 


represent the bending and twisting deformations the respective ends leg 
jk. Similar expressions can written for the angle changes, and 
struts and 

Now consider the requirements geometry for the closed circuit jjkk (see 
Fig. The angle changes along the legs and struts the closed circuit are 
represented vectors Fig. Fig. only the sums and the centroids 
the angle changes for the various members are shown. The requirements 
geometry for circuit jjkk are fulfilled when 


and 


Eqs. (9) hold because for any closed circuit, the sum the angle changes about 
any axis must equal zero and, the angle changes are small, the sum the 
angle changes times their respective distances any axis must equal zero. 
Eq. (9b) automatically satisfied for circuit jjkk because anti- -symmetry. 


From Eqs. (9a) and (9c) and rearranging terms, the following equations are 
obtained: 
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which through are coefficients which are summarized the 
Appendix. hese coefficients are dimensionless and depend the relative 
bending and torsional stiffnesses the legs and the is, they de- 


pend the values the and terms the respective panels. The ande 
terms are listed the notations. For example: 


axe 


and 

Eqs. (10a) and(10b) relate the reference moment and section 
the tower with the reference moments and shears sections and jk, re- 
spectively. Although the equations are stated moments and shears, 
they are equations geometry for panel jjkk and take into account the re- 
quirements statics for each segment the element, and the properties 
materials. Two such equations can written for each panel the tower. The 
resulting simultaneous equations can solved for the moments and shears 
the tower any number possible ways. For example, the resulting equations 
can solved means iteration successive elimination unknowns. 
desired, the equations can written matrix form and can solved 
means inverse matrix. The solution will presented herein another 
form and example more general method that has been developed 
the senior writer. The general method will described another paper. 

Concerning the solution herein, Eqs. (10a) are recurrence equations; 
that is, the same kinds equations recur for each panel the tower. Conse- 
quently, all moments, shears, and displacements the tower can stated 
terms reference moment and shear selected section the tower and 
terms My. this case, the reference moment and shear are selected 
and the base the tower. terms the reference moment 


and shear, and My, the moment section are respectively written 
follows: 


inwhich through Ny;ke are influence coefficients and are associated with 
section kf. the same way, the moments and shears sections and are 


written as: 
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which through and through Ny;ij are associated with sec- 
tions and ij, respectively. 

Now substitute Eqs. (12a) (13d) into Eqs. (10a) Observe that 
the coefficients mx;01, vz;01, and the left side each resulting 
equation must equal the coefficients the corresponding terms the right 
side the same equation. From these Eqs., the following relationships be- 


tween the and terms sections ij, jk, and are obtained: 


All these equations are essentially the same form, except Eq. (15b). The 
equations that are not specifically written above can formed cyclical 
substitution the and subscripts for the subscripts the and Nterms 
(where the dots are shown). Also, Eq. (15b) has term whereas the 
others not. The term Eq. (15b) result the same term ap- 
pearing Eq. (10b). 

Eqs. (14) and (15) are recurrence equations for the interior panels the 
towers. However, the values the and terms the base and the top 
the tower need defined. inspection the boundary conditions the base 
the tower yields the following values through and through 


Eqs. and (16b) the subscripts are introduced for ease defining the 
boundary conditions the base the tower and obtaining the values the 
and terms for the interior panels the tower. The subscripts are as- 
sociated with imaginary panel below panel 0011. 

The values the and terms which are given Eqs. (16) and (17) are 
for tower that fixedat its is, strut infinitely stiff. They can 
easily adjusted for tower that hinged its base. For the case being 
considered, the values are verified follows: From Eq. (12) and with the 
above values through obtain 
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and 


Further, from Eqs. (40a) (41e) (see Appendix), obtain 


and 


These relationships, when substituted into Eq. (12), yield 


and 


Eqs. (20) are identical those obtained means Eqs. (10). this way, 
the values Tx;b0 through Nz;b0 and through are verified. 

The values the and terms for each section tower can now ob- 
tained means the boundary conditions the base the tower (see Eqs. 
(16) and (17)) and means the recurrence Eqs. (14) and (15). other 
words, all moments and shears the tower now are terms 
and Eqs. (12)). The only unknowns this stage the 
sis are the values and the base the tower. The boun- 
dary conditions the base the tower and the requirements statics and 
geometry for each panel the tower are already satisfied. only remains 
satisfy the boundary conditions the top the tower (Fig. 4). 

The unbalanced horizontal component the cable tension the top 
saddle resisted projecting leg the tower shown Fig. The 
shear projecting leg the tower given 


definition moment and shear, the following relationships are obtained: 


and 


which However, from Eqs. (12), also have 


and 


which the coefficients through are defined the boundary con- 
ditions the base the tow (see Eqs. (17) and the recurrence equations 


means the boundary conditions the top the tower (see Eqs. From 
these conditions and Eqs. (23), obtain 
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and 
which 
Tx;rs Nz;rs Nx;rs Tz;rs 
Tx;rs Nx;rs Tz;rs 
and 
4rs 
rs 2 ag} 
All moments and shears the tower are now defined. For example: 
and 
which 
= Tx:ke Xrs + Tz;ke Zrs x Ty;ke (27a) 
= Nx:k¢ Xrs + Nz Zrs + Ny ;ké eS eee (27b) 
and 
ake 


Eqs. (26) and (27) are valid for any other section the tower, for example 
section jk. For the latter section, the above equations are rewritten sub- 
stituting for 

Geometrical slopes and displacements the joints 
the tower, and the chord rotations the struts, can determined means 
elementary geometry. Fig. shows the contributions the angle changes 
total slopes and displacement joint the contributions the angle chang- 
all legs, through must considered. Consequently, the slopes 


and 
k=m 
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which the summations are for legs through The displacement joint 


m 


which positive downward and measured from joint each re- 
spective angle change, Eq. (28c) rewritten follows: 


™ jk 


(b) MOMENTS 


(a) DISPLACEMENTS 


FIG, 6.—CONTRIBUTIONS SLOPES AND DISPLACEMENTS 
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which hy, and the base the tower joints 
respectively. The rotation about the axis chord through the 


and shown Fig. 

The slopes, displacement, and rotation the top the tower are given 
the same equations Eqs. (28), (29), and (30), except that substituted for 
the torsional rigidity the tower defined 


(G J)tower = hg oe 6 6 (31) 
then 
s 


FIG. ROTATION STRUT 


which the displacement the saddle top. 

All statical and geometrical terms the tower can now obtained. 

the preceding discussion and Fig. the contributions the angle 
the slopes and displacements are calculated this way, serious question 
can, times, arise concerning the number significant figures that are re- 
quired obtain desired degree precision. This because the quantities 
that are involved Eqs. (28a) and (29) can large and almost alike and are 
being subtracted from each other. Obviously, the quantities that are involved 
depend the and the terms and the number panels inatower. 


general, the question precision can arise when the value about 


and the number panels exceeds 

When desired, the sequence calculations for slopes and displacements can 
modified rewriting Eqs. (28) and (29) form that will improve the 
accuracy the computations. This can done calculating the changes, 
66, and that occur between each pair adjacent struts, and successively 
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calculating the slope and displacement each strut until the slope and dis- 
placement strut (or obtained. 


TABULAR FORM FOR CALCULATIONS 


Table can used for the systematic calculations the moments and 
shears tower that subjected torque. The calculations are for mo- 
ments and shears only because the geometrical relationships the tower can 
only obtained when the moments and shears are known (see Eqs. (28a) 
(32)). 

Table consists several rows and columns matrix. Table 
matrix but will not described such this time. column the values 
the K', C', and terms given Eqs. (40) and (41) (see Appendix) are 
listed for each section from through rs. such values need computed 
for sections 01. desired, separate table (or program) can defined 
for computing the values the K', C', and Cterms for the various sections 
the tower. These terms depend only the relative proportions the panels 
the tower and the relative stiffnesses bending and torsion the legs 
and the struts the tower. Consequently, these terms can firstly comput- 
for each sectionof giventower andcan then listed inthe shown. 
will observed that column provision also has been made for writing 
and for each section that is, for each section 
rs. The reason for this provision will explained later. 

Col. and Dof Table are headed mx;01, vz;01, and My, re- 
spectively. The calculations and terms that are listed columnare associ- 
ated with the heading the column. Inthe same way, the calculations and 
terms that are listed row, such are associated with the section that 
designated the row. calculations and terms that are listed the 
table are for the and terms the following equations: 


and 


hye Vz ;ke Nx:k¢ Mx;01 + Nz;ke hoy Vvz;01 + Ny;k¢ My (33b) 
Observe that the same equations, except for subscripts, can read Table 
for each section the tower. 


calculate the and terms that are associated with each section the 
tower, proceed follows: 


(1) Enter and the values the and terms associ- 
ated with the boundary conditions the base the tower. These values are 
given Eqs. (16) and (17). 

(2) Now calculate consecutive way the values the and terms that 
are associated with sections through rs. These values are calculated 
means (14) and(15) and are listed Table corresponding 
products. Observe that the values the and terms for given section 
are obtained means the values that were obtained for the and terms 
the two preceding sections. Also observe that for section such the 
calculations the and terms are listed rows and are identical form 
each other, except for the calculations the latter calculation, 
the value must included shown. 
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TABLE 1.~FORM FOR CALCULATIONS 


bd T = 0 bo =z 0 Ty; bo = 0 
= = . = . 
K,. ke =v v = vv v jk v =vv 
rs K,. rs! = v pa = v v Vv v v "Ty. = v 4 q 
K,. = ar = ar = v qr =dv 
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(3) From the boundary conditions the top the tower, calculate the values 

Ty;rs) Nz;rs (ars Ny;rs) Tz;rs (34a) 


Tx;rs Nz;rs Nx;rs 


(ars Ny;rs) Tx;rs (ars Ty;rs) Nx;rs (34b) 


Million in.* Million in.* 


7 5’ 


(b) VALUES (c) VALUES 


(a) DIMENSIONS 


TOWER 


(4) Reenter Table and list the numerical values and 
Then calculate, means the and values that are listed the table, 
the numerical values the moments and shears sections through rs. 


desired, all other moments and shears can determined statics, and 
the geometrical relationships can determined means Eqs. (28) through 
the latter calculations, observed that the values the 
and terms that are implicit Eqs. (28) and (29) are already listed the 
table. The same terms can used when Eqs. (28a) and (29) are modified be- 
cause greater degree precision desired. 
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NUMERICAL EXAMPLES 


Three numerical cases (A, and tower are given this section. 
The over-all dimensions the tower are the same for each case and are given 
Fig. 8a. The values and also are the same for the legs each case 
and are listed Table distribution shown Figs. and 8c. 
The bending and torsional stiffnesses the struts are different for each case 
and are represented the values and that are listed Table 


TABLE 2.—VALUES AND (IN 10° FOR NUMERICAL EXAMPLES 


Struts 


Cases and the struts are three number. The values and for the 
struts Case are finite whereas those Case are infinite. 
the tower braced with single strut; namely, strut The values and 
for the latter strut are the same those for strut Case 

The analytical procedure best illustrated Case The values the 
terms firstly are calculated for each panel the tower. They are summa- 
rized Table The values the K', and terms then are calculated 
(see Appendix) for sections 12, 23, and the tower. These values are list- 
Table Table the boundary conditions the base the tower are 
entered and are designated the values the and terms associated with 
sections and 01. The values the and terms are defined Eqs. (14a) 


TABLE 3.—VALUES FOR CASE 


Values 


and are successively calculated for sections 12, 23, and 34. The values 
and then are calculated means Eqs. (24a) and (24c), 
respectively, and are listed the bottom Table These values can now 
reentered obtain the moments and shears sections and 
the tower (See Eqs. (12)). All other moments and shears the tower can now 
obtained statics only. The final moments and shears signifi- 
cant stations the tower are given Table 

For Case the analytical procedure becomes greatly simplified each 
panel can treated separately. This because each panel bounded in- 
finite struts. Consider panel jjkk with infinite struts andk. For this 
panel, the moments and shears the legs the panel are given 


a 
A 
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and 
6 in which 
CASE 
| 
1.0 1.0 1.0 
Values of: 
FIG. 9.—MOMENTS AND SHEARS TOWER 


and 


From Hooke’s Law and considerations geometry, obtain 
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h3 
and 
= 6 E lik Zik My 6 0-4 (37b) 


Eqs. (35) and(36) can verified means Eqs. (37) and means statics 
for panel jjkk. For example, Eqs. (36c) can verified means 


and 


Eqs. (35) and (36) can also verified means the general equations that 
are listed the Appendix. The latter equations are based the requirements 
statics and the requirements continuity for closed panel. The final 
moments and shears for Case were obtained means Eqs. (35) and (36) 
and are summarized Table 

Case Cis included for comparison with Case and indicate that the ana- 
lytical procedure presented herein can extended include the effects 
non-prismatic members between the joints panel. The details 
this extension will not given herein. Suffice state that the analytical 
procedure presented the preceding section remains the same. The only 
change that occurs the values the K', C', terms that are listed 
the Appendix. The latter values can obtained means the shear and 
torsion analogy presented the senior writer another For the 
specific case tower with single strut, the latter analogy can applied 
directly. then becomes special case the analytical procedure presented 
herein. The results for Case are summarized Table 

The final results for Cases are summarized Table and 
Fig. Observe that the torsional stiffness the tower about the 
same for Case and and about 3.25 times greater for Case However, 
the distributions and magnitudes the moments and shears the legs and 
struts the tower are appreciably different for Cases andC. For ex- 
ample, the percentage the total torque that resisted the transverse 
shear the legs Section represented and 36.2%, 75.7%, 
and 13.5% for Cases and respectively. 

general conclusions concerning the influence struts the torsional 
behavior suspension bridge towers are made fromthe above examples. 
These examples are solely intended illustrate the analytical procedure 
the preceding section. more detailed study the torsional characteristics 
suspension bridge towers has been made and will reported another 
paper. The latter study has been made for specific towers, such the Golden 
Gate and the Tacoma Narrows Bridge Towers, and for general class towers 
which the variables are the numbers struts, height width ratios the 
towers, and the bending and torsional stiffnesses the legs and struts. The 
study has been programmed for the use digital computers and 
specifically coded for IBM-701 digital computer. 
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The program for the analysis single tower has also been coded for 
IBM-701 and 704 digital computers. 


GENERAL STATEMENTS 


The procedure that presented herein part more general procedure 
developed the senior writer. The general procedure will described 


TABLE 5.—RESULTS NUMERICAL CASES AND 


0.28 0.28 


0.358 0.701 
0.284 0.732 
0.841 0.757 
0.0 0.0 
0.380 0.150 
0.457 0.134 
0.319 0.121 
1.0 1.0 
0.240 0.701 
0.732 
0.362 
0.402 0.981 
1.43 
0.166 
380 0.150 


n 
=) 
n 


Radians) 


tower 


GEOMETRY 


subsequent paper. applicable any structure that lies space, sub- 
jected loads deformations any direction, and has elements which lie 
along closed path. The elements the structure can consist differential 


elements, curved segmental members, closed panels as, for example, 
this instance. 
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The specific procedure given herein minimizes the number calculations 

that need made for the analysis tower subjected The 

procedure lends itself the use high-speed digital computer, desk 


calculator. All moments, shears, and displacements the tower are obtained 
means the procedure. 


APPENDIX 


The requirements continuity for closed circuit jjkk (see Fig. are 
fulfilled when 


which 

40b 

and 
jk 


The various and terms are dimensionless ratios and are listed the No- 
tations. 


The above equations can verified inspecting the requirements ge- 
ometry for panel jjkk; namely, 
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and 


inspection Fig. shows that Eq. (42b) automatically satisfied because 
the distribution the angle changes, Ady, anti-symmetric with respect 
the vertical axis. From Fig. Eq. (42a) can rewrittenas 


Substitution Eqs. (6a), (6b) and (4b) into Eq. (43) yields the expressions for 
the terms Eq. (39a). 


The terms Eq. (39b) can obtained means Eq. 
(42c). From Fig. obtain 


which positive measured from az-axis the mid-point 
strut From Fig. now obtain 


hjk 


which also measured from the z-axis the midpoint strut Sub- 
stitution Eqs. (44) into Eq. (42c), and rewriting all moments terms 
the reference moments and shears sections ij, jk, and yields the ex- 
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